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Final entropy

Bjorken@ formula Phase space analysis (Pal & Pratt):

d— }jrd3p +(1+ +
djﬁna o& [$f|nf (1 f)In@L+ f)]

= SGOOi 500 [for 6% centra AutAu @ 2M]

Chemical analysis (BM & Rajagopal):

d_s‘ =& (S/N), d—N =5100+ 200 [for same cond.]
dy find dy

The 10% increase during hadronic expansion is compatible with moderate viscosity
[I/s = (5-10)/4"] of the hot hadronic gas phase.
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Initial state

Gribov, Levin, Ryskin O83
Blaizot, A. Mueller 087
McLerran, Venugopalan 094

~uE

.-----§

$ Q(xA

. A1/3X"0.3
gluon deagty ! aea ! #1

Q

Universal saturated state at small Qg >> %,cp

. . _ , Krasnitz-Nara-Venugopalabappi,Gelis
Fields carried by moving sources interact

non-linearly and generate classical spectrum
of gluonicmodes. This requires numerical

- :
solution of YMeqs with CGC initialcondOs. . w
W, SUT=LR

=y J’ 4 e ¥ . -~ b
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Decoherence

1 " =
Complete decoherence of coherent state generates: S, ! (In2 n +1)

Application to CGC Initial state, counting causally disconnected transverse domains:

ds W $ 2
o | L 2Ren #1y 1 1.500 (for
dy Q &' ) tor

1 3).

S []

nucleus 1

Decoherence time can be calculated from:
Tr &°(z)
(Tr 8(r))

> oexp("t1#,,)

> |l =cQ.' with c#l

nucleus 2

BM & A. SchSfer, PRC 73 (2006) 054905: R. Fries, BM, A. Sch3fer, PRC 79 (2009) 034904.
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Theory
Viscous hydrodynamics

0.6 —r— — . : s .
> 05 (© Hydro regime ~ g”jg' | A= Peq o4 E R. Fries, BM, A. SchSfer,
g 04 = — et g PRC 78, 034913 (2008)
5 02 R s P =P +! #"
< 02 /,"
R d" _a# o 4l

. | — . "s\mn 1 n 2

> d! 3!$& 3l ) $2#2

5 d _-
g ’b d_’ — I_ $ ’
Q' 3L, h Hefm"3L
2 I'ls "/Is . -

. from lattice
3 0:8
£ L attice EOS
(7))
20
m 02 T KGeVL

4= =232\ 4susy)
290

Conclusion: 10-20% increase of S likely in hydrodynamic flow regime.
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The need

Conclusion: About 50% of bPnal entropy may be attributed to
(transverse) decoherence (~30%), hydrodynamic expansion
(~10%), and hadronic freezeout (~10%).

The remainder must be due to pre-equilibrium dynamics of
the OglasmaO.

Needed: A systematic approach to computing the
transition from decohering initial color Pelds to
qguasi-equilibrium describable by hydrodynamics.
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The problem

The von Neumann entropy S, = Tr[ "In

IS conserved for any closed quantum system described by a Hamiltonian.

Approach 1: For system X interacting with its environment Y, the reduced entropy
S :—Trx[pxlnpx] with I, = TFY[-’]

Increases as a result of growing entanglement between X and Y.

Possible approach: Consider, a rapidity interval #y as OsystemO and the remainder
as OenvironmentO, which cannot effectively communicate due to causality.

Problem: Entanglement entropy usually proportional to surface area, not volume.

Approach 2. Consider the effective growth of the entropy due to the increasing
intrinsic complexity of the quantum state after Ocoarse grainingO.

Problem: How to coarse grain without prejudicing the answer ?
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Wigner function

Reminder - Usual debnition of Wigner function for a point particle:

W(gpit)= due ™lig+ %ul () 1g" %m
Properties: ' W(g,p = W(q,p'
APw@p=Tro =1
Equation of motion (foH = p!/m +V) :
' W | p!W| | 1V i 'V 11
- = — — ! - — qQt+ =— I ql -
It m Iq I 21p ' 21p
N pIwW IVIW
~ mlg !q!p
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Wave packets

Consider a Gaussian wave packet: | po(Q) = - on 1 @iPdl ! (¢! a)f

| 1
The Wigner transform is: W(g,p=2exp ! 2 (q! a)*! 2T(p! P)?

Pure quantum state:

dqde dgdp

(q,p° = |

)2 = ) = I L =
Tréc=Trd =1 ! X X W(g,p=1
I(q" a)?#= 1 I"# . Good position

a4 <=
I(p" P)%#= " 0: Good momentum

(((Aq)2>((Ap)2>)1/2 — % Minimum uncertainty wave packet
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Inflation of complexity

B Apparent (i.e. coarse grained) entropy can be created by two
main mechanisms:

by information loss to the OenvironmentO;

by information loss due to unresolvable growth in the complexity
of the system (Ocomplexity inflationO).

B Here we are interested in the latter.

B Complexity grows due to instability and exponential growth
of (quantum) fluctuations in certain directions of phase
space.

B Asimple example is the inverted oscillator: V(X)) = - $ %x&.

11
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The Opencil on its tipO

The decay of an unstable vacuum state iIs a common problem, e.g., In cosmol
and in condensed matter physics. Paradigm case: inverted oscillator.

t<0 |$(x)|I p° m(t)z
\ / 19(t) = E + =
with  m(t)® =1 2" (#t) # $°" (1)

_ B BN

- N - - —— 1

V(x)

. . : 1
Wigner function: W(g,p;t)= due ™ lg+ éu| B(t) [¢" Zu?

12
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Wigner function
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Wigner function
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Wigner function

t=0.5
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Wigner function

t=0.5
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Theory

Husimi transform

Problem: Wigner function cannot be interpreted as a probability
distribution, because W(p,X) Is not positive (semi-)definite.

ldea (Husimi - 1940): Smear the Wigner function with a Gaussian
minimum-uncertainty wave packet:

" dp' dx! 1 Now b e 2 o
Elexp " (0" p)2" —(a" 2?2 W(','0)

H(p,x) can be shown to be the expectation value of the density matrix
In a coherent oscillator state |x+ip « and thus H(p,x) ' 0 holds always.

H(p,X) can be considered as a probability density, enabling the
definition of a minimally coarse grained entropy (Wehrl - 1978):

dp dx
2!

Sy (t) = ! Hy (P, x;t)In Hy (p, X;1)

14
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Wigner vs. Husimi

Wigner
function

Husimi
function
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Wigner vs. Husimi

Wigner
function

Husimi
function
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Wigner
function

Husimi
function

4

a0
| t=2

D
t=2
15
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SH entropy growth
dS,  !"#sinh2/t

T e om, (& ! with# " 99Goondants dep. on)
CO ! 0

but independent of and%o !!!

Many modes: dd—S’: HH A 0/0$k&($k)
Kk

This Is the Kolmogorov-Sinal (KS) entroms
known from classical dynamical system theory.

KS-entropy describes the growth rate of the
entropy for a coarse grained phase space density
In the approach toward ergodic equilibrium.

[see e.g.: Latora & Baranger, PRL B299) 520]

: >
¥ o

initial linear equilibrium phase
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From Quantum Mechanics
to Quantum Field Theory:

The Wigner Functional

17
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Wigner functional

Adapt the phase space formulation to the Peld representation of quantum pbelc
theory in order make the classical Peld limit more transparent.

Wigner functionalAdaptation to QFT. Start with a scalar quantum pb&ld

Position space representation:
W[ (x)," (xX);t] = /D! (X) exp [! i/dx " (x)! (x)] "I (X) + %! (x)] 6(t) |' (x)! %! (x)?
Momentum space representation:

| _— .
WIE()," (it]= DI (exp Li  dp (D) (M) O+ Sl (DI L) S (o)

0

[S. Mr—wczy(ski & BM, Phys. Rev. D 50 (1994) 7452]

18
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Theory
Basics
Using | % exp ii. dx ! (x)" (X)“ = #(" (X)) it is obvious that

W (x)," (x);t] = /D! (X) exp [! i/dx " (X)! (x)] "I (x) + %! (x)]6(t) |' (x)! %! (x)?

D" (x)

implies Z1 Trd = | D! (x)"I (xX)| B|! (x)#= | D! (x) >

WIH, "t

Similarly, by inserting complete sets of states and partial integrations:

!O(_['j, '6)" = 1 Tl’!ﬁ(t)O(.ij, '6)" = DHZ..(X)

5 Zl D! (x)

o ,")W[! ," :t]

Wigner functional expression corresponds to symmetrized guantum operators.
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Equation of motion - |

L Opn =R K= dx 0700+ 1000+ mP0%00 " 18 (x).
!—vv[l "ot] = D exp ! b dx (x)" (x)” "l 3--|[+ii> # ]! L,
't b, p | . 5 : 5
$ G +G + Gy, + G
Gn = mT dx- D! exp ! :— dx ! (x)! (x)”
$o 0. '
(X)) + —' (X)gg "(x)! 3! (><)&2 X +30]6]" 1 3! )
Gn, = i!m2- dx ! (x) ' W[ "t

" (x)
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Equation of motion - |l

Other terms are derived similarly, Pnal result is:

v de ” | () ) $m2" (z)!" 2" (:L‘)% — K| (I)“ W[, 1it]=0
I ¢ " (z) () o
_ N it o . 1!
with Ky (x) ! !_Ll LX)+ 2 1" (x) * !_LI '+ (%) 21" (X)
Standard exampl&' theory:
L4 . 3 2 °
L (®) = —ECD — K| = G —®°(x) TT(x) + Z@(X) I13(x)

Thus, evolution oW is described by a classical transport equation with quantum correction:

T R RO
WIS A Sy e e e O s WE

21
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Free fleldat T )O

Density .._ 1,4 . 5 - dp g g 5 NG
matoc. D= 7€ T with  Bo= 50 0 (PE)+(pF+ M0 (DO

Momentum space Wigner function&bog 1):

Wi l=cem 2t Pam) OO+ B! B! (O
. / - odp E(p)\._ _ 2 _'E(p
with C! exp \ o In th > = (p) = E) th 5
! | O !+! (p) | 1 (classical limit)

Coordinate space form contains OnonlocalO Hamiltonian:

D

Wi [! (x)," (x)]= C' exp-! %ﬂ dx dx' #(x! x') " (x)" (x)+ "1 (x)" ! (x")+ m2 (x)! (x})

22
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Fluctuations

Thermal quantum Buctuations are larger than classical thermal 3uctuations:

. . 1 1
10 (pPO(p)" = #
(MF(P) 2E(p) th-=2 ~ 2E(p)
5 (i E(p) E (p)
'O '0 "=
2 (PP (P 2 th!E® =
Implying the uncertainty relation:
1O (p)P(p)" 1" (p)°(p)" = S E® T2
2

23
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Unstable vacuum in QFT

A A

HA(t)=-O! % " () (0) - (M) L) () () with m2(t) = m21(1 t)! p2!(t)

Approach: Split problem into stablgd{ > (! ) and unstable p! < (! ) modes.

Initial Wigner Ra el |
functional:  wiJi, ®;tfj=Cce * " "° with Ep= p2+ m?2
IR ST T
W is constant along a classical trajectory:W[! ," ;t]= Ce *  FP i
Ip| < ( Ip| > (
15 = 1 ,(t)coshl pt! !p:)t) sinh! pt 15 = 1 p(t)cos! pt! !pit) sin! pt
"5 = "p(tycoshlpt! 1,1 p(t)sinh! D= "p(tcos! pt+ Lol (t)sint pt

24
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Entropy growth

Husimi functional:

| L noo. P | . .
H! [I ’" ,'[]: . I 2 exp | R(I P p’t) no A 2 exp | R(l P, p,t)
IpI<p Ap() Ap(t) > Ap(t) Ap(t)

Husimi-Wehrl entropy:

_ DI D" . dp Ap(t) | dp 1, A(t)
SH’! (t) - 2| H! In H! - V |p|<u 2_| 2|n 4 +1 + V |p|>u 2—| §|n 4 +1
Growth rate:
dSun V/ dp op(A% 4+ X7) sinh 2, N V/ dp Sp(wg — A?) sin 2wyt
dt pl<p 27 Ap(t)A pl>u 27 Ap(t)A
— 00 " dp VNQ : :
Lo V/ o Ap 1 | Extensive (1) and independent %]
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Theory

Instabllity begets entropy

Only & of unstable modes grows !

12
10

o = O o0

-

stablemode

= e -
---" --_—.‘ --- e s

26
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Parametric resonance
iInstability
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Big Bang entropy

Other application:  Reheating after cosmic inRation.

At the end of inf3ationary period, the scalar inf3aton beld falls out of its false vacuum
state and begins to oscillate around the true minimum of its potential. Other Pelds
coupling to the infRaton Peld now experience a periodically oscillating potential (or
mass in quantum Peld theory). Model case: scalar beld with bi-quadratic coupling.

L(B)= 3 (g“' s iy — 97! (t)zbz) &(t) = &ocosf t) inRaton beld
Canonical transformation: (Xk,Px) = (rg cos! ¢," re sin! ) ConS|der
| | ! ' single mode. !
W(l,n") 1 2¢ oFnte with B(")= e M
1] L I "
2 #2 C 121 4 2 Sg: ()" 2u! +const
| " | 1o ! ! :
Nt e P R e
28
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Wigner vs. Husimi

Wigner
function

Husimi
function

10

8

n

n

29
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Yang-Mills Theory
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Hamiltonian LGT

Lattice (Kogut-Susskind) Hamiltonian:

2 1 4
m=7 SERER+ —Re (1! tr Up)
a | 2 g ,
a 1 a a b . c
[El ] Ul/] — 57- Uléll/ [El , El ] == _ZgabcEl

Classical equations of motion:

dU,

. P A dE* 2 i
’I/Ul:[Ul,H] — —U 1:—7' El l :%ZUPJ

dt " 2 dt

p3l

Classical equations of motion can be numerically integrated with careful attention
to conservation of Gauss" law (BM & A Trayanov, PRL 68 (1992) 3387

31
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N-O instablility

|||

HH th] Ky
AR R 0
RNy &4
\|.\‘\\‘| LY FSOA)
) | || & -I’ \» X

t=20 £ ’ t=5

VRS
| ‘.'. : \/l’.\ /I,;\\ ‘,\> ,J/ _
‘*ffl\THIT”PQV\ X
QP""/L'THWT';7 ‘/ >
.\‘_\ ,,\ -\_'1 = | /)
N2 T /”'¥ \L\"
F L
t=10 b t=20
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Yang-Mills Fields

(Gauge invariant) distance measure needed:
eg.. DAY AP g="d|9% (x)* & % (x)’|

Yang-Mills Instabilities brst observed in IR limit by S.G. Matinyan & G.K Savvidy (1981)

B. MYller & A. Trayanov, PRL 68 (92) 3387

0 1 T 1.2 Y T ] T T Y T 1 T L3 Y T 3 2 Y T Y Y l ¥ T T Y l ¥ Y T Y ] llllllll
- -

rr————— :
b z ] - | Interference /]
| s | at early time

Energy densit

In D(t)

[ |
PO ST —
D(t) x10%
e

2l

|

i grows |
| \ h "| “ ‘| [ ) ."l' "./\""‘Il |
1 WAV VY :
1 - "y . Vi ” ‘l '
9_ SU(Z) fOI‘ ] cs~l‘ dl -
various E/B| @ - |
L ] ]
) 1Jn 50 30 OO 1lC 210 .:,l'.) 50
t/a 33
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Theory

Lyapunov spectrum

Systematic studies in T.S. Biro, C. Gong, B. MYller & A. Trayanov, IJMP C5 (94) 113

Rescaling method permits determination of complete spectrum of eigenvalues and

eigenvectors the unstable modes.

Local instability exponents are larger
than asymptotic Lyapunov exponents

0.4
0-9 -l ‘1 I ] LI LI l 1 I I |- L
- y 0.2
0.8:; \ E=4.06 =) r
< 0
< | \ _
0.7~ “‘\,,...-_\-___\ F 0.2
K : -0.4]
O 6 l | - l j2=7 1 R | l 1 I | I [
0 20 40 60 80 100 |
t -0.6-1

0.6

C. Gong, PRD 49 (94) 2642

|

| | | |] I | I L
[ §:°
1

Lyapunov spectrur

of SU(2) for; 2 lattice

|
|
|
!
[
I
J

(@)
QO
C

«Q
@D

2

- |o
=

’
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Yang-Mills fields

Theory

his = 1! 0.079(18L3) ! max

>0

03
l.‘ o--a | =2
\
] imm= L=4
0.2 -"-.g’ — =B
L]
\'
01} \N
.
| 0,1..\.‘."\'
. ‘”.‘e;-...“q'
0 A A A A A .“"""
0 2 4 6
i’

dsS 0.074¢7-‘$S 4 dE
dyd! | # dy

for SU(2) Hamiltonian LGT.

[J. Bolte, B.M., A. SchSfer, Phys. Rev D 61 (2000) 054506]

0.15
0.125
0.1

f 0.075
0.05

0.025

" 1.1%.

&
[ 3
a
o Nara 32°
- Strickland 32°
,‘ﬁ B Nara 64°
Linzar Fit
02 04 06 08 1

Energy per Plaquette

600GeV

" 1,000/ (fm/c)

>

. 0.15¢°E
e 3

#
h. " 0.07¢°E

!

(extensive !)

In central Au+Au
(@ 200 GeV).
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Yang-Mills fields

hks = 1! 0.079(18L3) ! max for SU(2) Hamiltonian LGT.
>0
/ [J. Bolte, B.M., A. SchSfer, Phys. Rev D 61 (2000) 054506]
03 F - ’ g
4 2
§ .--al=2 . i > " 0159 E
0.2 -.'-.s, — 1L: 1 ) - 5 - 3'—3
\. ' E0.075 ! = . :v . #
\\. 0.05 ‘ o Nara 32 B
01} ] a Strickland 32° n 2
\'\".\, % 0.025 4 A Nuaed = hKS 0079 E
L “’\"";'-%:.‘.“;‘.“ 1 Rl Linzar Fit .
oL —— e, Mo (extensive !)

Energy per Plaquette

95 w007 205wy 45 SO0V g o0/ () n central AusAu
dyd! | # dy ! (@ 200 GeV).

Systematic study of far-off equilibrium field configurations relevant to RHIC needed !
35
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Beyond classical YM

ldea: Use generalized Gaussian wave packets in the link representation of lattice
gauge fields [Gong, BM, Bir—, Nucl. Phys. A568 (1994) 727].

# "1 4

a

SEFEY+ —4Re (1! trUp)

Lattice (KS) Hamiltonian: H = > p

can be scaled to dimensionless variables:
ag’H | H, ta ! t, g°E ! E, gl ! |

Wave packet ansatz:

Ul aW= e (U (B U
| | |

Semiclassical evolution equation obtained from variational principle:

S %
! Gt "™ H)I' #=0 with respect to parameters: b (t), Ui (t), Eio (t).
tl

36
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Eqgs. of motion

! 1 F (V)2 23 (Vi) . 12
| = —(1! + | +4 1! f,U
Ho = S0 B+ g, b2 U
where bl = V] + iwl f (V) — IZ(ZV)/I 1(2V) and fp — f (VI)
Il p
dE} | 3l w .
= f.la | — —_E2 Scaling implies:
dt (Vi) p(I)( pt“Up) 8 v | J1mp
¥ # | 2] =
g ~ 2 f(v) 2y "
% _ 3 f (V|) W,
d  8f/(v) v’ .
dw 1 1 _, E? 2 3, Wi
= I — + — + foUpy ! —I + —
dt foy . 2w O Ty Trey Yt gt ity
" " ##p(l
| f (V|) EI2 + i| 2 11 W_l2 ’
f/(vi) 4v? 16 e

37
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Results - 1

Run simulation from randomly chosen initial conditions (but identical waglimntil the
system thermalizes. Measurdrom electric energy distribution and determine maximal
Lyapunov exponent. Compare with classical limit. Fit gives:* 7/%

|‘"1 | A 1-05

b=0.3

O 20 40 60 B0 100 40 20 0 20 40 80 0 1
Y w ©
30'l'll]l”ll u N B | | | 0. TTI]II] IIIII]I I
2 :_ ‘5 o B P ,—'—’-———'—*—W—-—-ﬁ—:
?5 1 :__ _: p—y :- /// -
C (1] 4 2 =4 s —
Ol ([ 1 E oI einl oo . EEf
[ LT |Hf'n g 1 = B =
20 J\ Lﬁn‘“‘h U‘IHAN'{“" Wle sl __- = B I T=0.9 3]
I | ] 8 3
15IF | . 2F B 0 [Tty piay Ety g | I 1 e real
I l Rkl ad l Rekalend l THEEENIEE TN ENEEE R I. SEERE R EE] l Aed l Al adadl l - l ; - 1 0 I(\ .)0 4’)0 40
0 10 20 20 40 50 0 10 20 30 40 50 w~ )

t 38
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Theory

Results - 2

L(T,) =1 (T)2+ ") +, >0 and grows with!
! T ! "l AVA E
0.1 0.76 0.255 001 70 2.1
0.3 064 024 012 23 2.4¢
0.3 0.73 0.3 0.22 22 2.9
0.3 0.85 0.34 0.2 21 3.3]
0.3 0.85 0.36 0.27 21 3.2¢
0.3 0.85 0.34 0.2 22 3.2t
0.3 0.9 0.41 0.37 20 3.7¢
0.7 0.5 0.19 0.16 9.0 3.2
0.7 0.8 0.41 054 7.4 4.4(
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Conclusions

Husimi functional provides a practical method to calculate the rate of (coarse grained)
entropy growth in quantum field theory. Various applications:

¥Decay of unstable vacuum states
¥Decay of coherently oscillating excited states (e.g. reheating after inflation)
¥Equilibration of QCD matter

Wigner functional method permits smooth interpolation between field eigenstates and
particle excitations. This allows for the approximate treatment of guantum coherence
and uncertainty relation effects.

Classical Yang-Mills theory on the lattice exhibits many local instabilities, implying an
extensive KS entropy, which grows linearly with total energy.

Next goal: Study of the entropy growth rate of field configurations relevant to RHIC in
semiclassical lattice gauge theory. Initial state Wigner functional in the CGC model has
been constructed by Fukushima, Gelis & McLerran [Nucl. Phys. A786 (2007) 107].

TK, BM, AO, AS, Toru Takahashi & Arata Yamamoto, in progress - stay tuned.
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The End !
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