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... from the same principles, I now demonstrate the frame of the System of the World. 
Ñ  Isaac Newton, Principia 

 
 

Reference Frames 
 
When we say that a particle moves in a certain way, what we mean is that it is observed 
to move that way. Our description necessarily concerns what is (or might be) seen by an 
observer. Different observers may describe the same situation differently. Here we 
investigate how to make a general framework that can reconcile the differences.  

If the observers are at rest relative to each other, the differences are only those that 
might arise from choosing different coordinate systems. These are easily taken into 
account. But if the observers are in motion relative to each other, things are more subtle. 

Suppose we have two observers, A and B, who are watching the same particleÕs motion. 
Each stands at the origin of a set of Cartesian axes used to specify the location of the 
particle. This set of axes constitutes the reference frame of the observer. 

At a partic ular time t, observer A will use the 
vector    r = (x, y,z)  to represent the particleÕs 

position. At the same time, B will use the vector 

   !r = ( !x , !y , !z )  for that purpose. Let the origin of 

B's frame be located relative to A's frame by the 
vector R. If the observers are moving relative to 
each other, R will change with time.  

The drawing shows the situation. From the vector triangle we see that  r = !r + R . 

A careful choice of notation helps. Let 
   
ri/j  denote the position of object i relative to 

object j. For the particle P and our two observers we have 
   
r = rP/ A ,  !r = rP/ B,  R = rB/ A . 

These are related, as the vector triangle shows, by 

   
rP/ A = rP/ B + rB/ A . 

Note the positions of the subscripts. The upper subscript of the first quantity on the right ( P) is the same 
as the upper subscript of the quantity on the left, while the lower subscript of the second quantity on the 
right ( A) is the same as the lower subscript of the quantity on the left.  

As time elapses these vectors will in general change. The time derivates yield: 

Relative Velocity Formula      

 

v P/A = v P/B +vB/A  
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This useful formula has many applications and is used in the exercises. 

Taking another time derivative, we have:  

     

 

aP /A = aP /B +aB /A . 

These three formulas, relating the position, velocity and acceleration of the particle as 
seen by two observers in motion relative to each other, are called the equations of 
Galilean relativity, after Galileo, who first realized the important  role of reference frames.  

Actually, there is a fourth relation, saying that the time of the observations is the same for both observers. 
This was too obvious in the time of Galileo and Newton to require mention. Remarkably, it turns out to 
be wrong Ñ  as do all three of the other relations. They are valid only as approximations when the particle 
and the observers have speeds relative to each other that are small compared to that of light. The theory 
of special relativity gives the correct relations. In thi s course we deal only with things moving slowly 
compared to light, so the simpler Galilean approximations are used.  

If the observers move with constant velocity relative to each other then 
   
a

B/ A
= 0 and we 

find 
   
aP/ B = aP/ A . They observe the same acceleration for the particle. This is important, 

because two of Newton's three laws of motion are statements about the acceleration of 
an object. Such statements will be valid for both observers if they are moving relative to 
each other with constant velocity.  

 

Dynamics 
 
So far we have been describing motion without saying much about what makes a 
particle move in a particular way. Describing the influences that affect the motion is the 
business of dynamics. The essential concept needed is that of interaction. 

In general the particle under study will be interacting with other particles in its vicinity. 
We call the other particles collectively the environment. The goal of dynamics is to 
describe how the interactions of a particle with its environment affect its motion.  

NewtonÕs work demonstrated the power of the following approach to study of a 
physical system: 

• For a given system (one or more particles); 
• For a given initial state of the system; 
• Construct a description of the interactio ns of the system with its environment;  
• Using this, predict the systemÕs future behavior. 

There are some important questions to be explored in using this program: 

1. What information is needed to specify the initial state of the system? 

2. How does one describe the interactions? 

3. How do the interactions influence the motion of the particle(s)?  

We will be able to give at least tentative and partial answers to these questions as we go 
along. But first we need to look at nature experimentally and note some general aspects. 
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Inertia 
 
The tendency of objects at rest to resist being put into motion, and of objects already in 
motion to resist being diverted or stopped, is well -known from everyday experience. 
This general property of matter is called inertia. 

Consider first  an object at rest. It requires an interaction to set it into motion. We might 
think that if it stays at rest there must be no interactions at all with its environment. 
That would be inferring too much, but we can say that there is no net effect of any 
interactions. Now suppose the object is already in motion. Does it require an interaction 
with its environment to keep it moving? The ancients (Aristotle) thought it did, because 
everyday objects left to themselves seem always to come eventually to rest. But they 
were wrong, because they did not realize that resistive influences such as friction must 
be counted as part of the environment, so the object is not really Òleft to itself.Ó 

GalileoÕs most important discovery was that ÒnaturalÓ motion is motion without 
acceleration, which is motion in a straight line at constant speed. Any change in velocity 
requires an external influence. This is often stated as the Òlaw of inertiaÓ:  

Objects move with constant velocity unless acted on by external influences. 

 

Mass 
 
Experience shows that some objects are harder to put into motion, or harder to bring to 
rest, than others. That is, some things have more inertia than others. One can define a 
scale of inertia so as to assign numbers to it. The numerical measure of inertia is mass. 

It is relatively easy to determine the ratio of the masses of two objects, so we simply 
pick a standard object and define its mass to be one unit. All other masses are then 
multiples of this standard mass. In the SI (Syst•me International) units w hich we use, 
the standard mass is one kilogram (kg).  

Mass is found by experiment to be the same for motion in any direction, so it is a scalar. 
It is an intrinsic property of all objects, and its origin is still largely mysterious to us.  

 

Newton's 1st Law 
 
The law of inertia is an important discovery, but it contains a flaw. It is not true in all 
reference frames. 

When we say that a particle moves with constant velocity, we are speaking from a 
particular reference frame. Any quantitative statement about it s velocity can be valid 
only in certain reference frames.  
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Consider again our observers A and B, and now let B be accelerating relative to A. Then 
if A sees a particle moving with constant velocity, B will see it accelerating. If A 
observes the particle to obey the law of inertia, then B will see it violate that law.  

On the other hand, if B moves with constant velocity relative to A, then they will both see 
the particle to move with constant velocity (although its value will be different for the 
two of them ). If the particle obeys the law of inertia in AÕs frame, it will also obey it in 
BÕs frame. 

We call a reference frame in which the law of inertia holds an inertial frame. As we see, 
any frame moving with constant velocity relative to an inertial frame is also an inertial 
frame. There is an infinite number of such frames. 

The complete statement of the law of inertia, specifying the conditions under which it 
holds, is Newton's 1st Law: 

NewtonÕs 1st Law 
In an inertial frame, an object subject to no 
net external influences moves with 
constant velocity. 

 
The new logical content of this law is the assertion that inertial frames exist. 

We will examine the use of non-inertial (accelerating) reference frames later. 

 

Momentum 
 
The ÒstrengthÓ of an objectÕs tendency to resist changes in its motion increases not only 
with increasing mass, but also with increasing velocity. Newton invented a measure of 
these tendencies, which he called the Òquantity of motion.Ó We now call it momentum. 
It is usually denoted by p. For a particle of mass m and velocity v, the definition is  

Momentum of a Particle    p = mv  

 
According to the law of inertia, it takes an external influence to change the velocity of 
an object. Newton found by experiment that a given external influence acting on 
different objects does not always produce the same change in velocity, but it does 
produce the same change in their momentum. He therefore proposed to measure the 
strength of an external influence by the change in momentum it causes. 

 

Newton's 2nd Law 
 
Newton gave a precise quantitative definition of the term Òexternal influenceÓ by 
introducing what we now call force. The net effect of all the forces acting on an object is 
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called the total external force, defined by Newton's 2nd Law to b e the rate of change of 
momentum it produces:  

NewtonÕs 2nd Law 
The total external force on an object is 

given by 
      

 

Ftot =
dp
dt

. 

 
If the object is a single particle, with p = mv, then we have a simpler form: 

2nd Law for a Particle       

 

Ftot = ma. 

 

This law gives, in effect, the definition of force. We note that force is a vector. 

It is crucial that the force be the total force. If, as frequently happens, there is more than 
one kind of interaction affecting the object, the total force is obtained by adding the 
individual forces:  

The total force is the (vector) sum of the individual forces.  

This is an important property of forces, called the principle of superposition . 

To make his 2nd law effective, Newton had to specify the rule for addin g forces. In effect, he discovered 
how to add vectors, using the triangle rule in the arrow representation. The general mathematics of 
vectors is a late 19th century discovery. 

Newton's 2nd Law is the centerpiece of classical dynamics. It gives, in a simple vector 
equation, the relation between interaction (total force) and changes in motion (change of 
momentum, or acceleration).  

If one knows in advance what interactions apply to a particle, so that the total force is 
known, then the 2nd law provides a way  to find the acceleration of the particle. This 
Òcause and effectÓ connection between force and acceleration leads to the central theme 
of NewtonÕs program:  

Study nature in an attempt to find simple force laws, so that the total force in a given 
situation can be known in advance. Then, for a given initial situation, the subsequent 
motion can be predicted. 

We will look at some of the force laws revealed by this study of nature. In the 
mathematically simplest cases, the total force is independent of time, so the acceleration 
is constant. In such cases, for given initial position and velocity, the motion can be 
described by using the formulas we already have for constant acceleration. 
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Newton's 3rd Law 
 
We have been concentrating on a particular object, treating all other objects as parts of 
its ÒenvironmentÓ. Interactions between a pair of objects actually operate both ways, 
resulting in a force on each object. 

Let two objects, A and B, interact. The force exerted on A by B is denoted by 
   
FA/ B , and 

correspondingly the force exerted by A on B is 
   
FB/ A.  

If object A is the one under study, then 
   
F

A/ B
 is often called the ÒactionÓ and 

   
F

B/ A
 the ÒreactionÓ. 

Newton found (by stud ying collisions between two objects) that these forces are equal 
in magnitude and opposite in direction. This relation is Newton's 3rd Law:  

NewtonÕs 3rd Law For mutual interactions:     

 

FB /A = ! FA /B 

 

This is often called the Òlaw of action and reactionÓ.  

As we will see later, it is intimately related to the law of conservation of the total momentum of the system 
of interacting particles.  

It is important to realize that the ÒactionÓ and ÒreactionÓ forces act on different objects 
and should never be added together when calculating the total force on either one of the 
objects. 

 

Looking Ahead 
 

NewtonÕs three laws of motion are the guiding principles of classical mechanics. We 
will make use of them in most of the rest of this course. 

Next we will give a catalog of general force laws, found by experiment, that apply to 
objects of ordinary size. We will also show how to use non-inertial reference frames. 

The useful concepts of work and energy will be introduced, and a conservation law for 
the total mechanical energy will be derived and used.  

Then we will extend the discussion to systems with more than one particle, and we will 
find some useful general theorems, especially the law of conservation of total 
momentum.  

We then take up a study of systems called Òrigid bodiesÓ in which the particles all move 
together. Their rotational motion will be the main object of study, and we will introduce 
a new useful concept: angular momentum and its conservation law.  

For the rest of the course we study special cases of importance, including the general 
law of gravity, fluids, oscillating systems, waves, and systems in thermal equilibrium.  


