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Making a Rough Place \Plane":

Why Heaping of Vertically

Shaken Sand Must Stop at Low Pressure

R. P. Behringer,

Abstract The heaping of a granular material subject to
vertical vibration vanishesabruptly asthe pressureof the
surrounding gas, P, is lowered below a critial value » 10
Torr, depending on particle diameter etc. We show that
the vanishing of the heap is consistert with two di®er-
ent e®ects.One of theseis the onsetof a Knudsenregime
wherethe meanfree path of a gasmoleculebecomescom-
parable to or larger than the typical distance to a grain.
The usual Darcian gas°ow modelsfail in this regime, and
a Knudsenreplacemen predicts a vanishing of gase®ects
asP ! 0.The otheristhat at low enoughpressuresthere
is not enoughgasto sustain °ow under the usualllinearized

°ow scenario.A detailed description of this regime is be-

yond the presen analysis.
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Intro duction

Recerily, there has been substartial interest in granular
°ows[1]. Although many such °ows depend only on the
properties of the grains and their interactions with the
boundaries, there are a number of caseswhere the sur-
rounding gas can play an important role. Examples of
the latter include vertically shaken materials and grav-
ity driven °ows such asthosein hourglassesor pipes[2{7].
E®ectsfrom the surrounding air or other gasbecomeim-
portant when the grain sizeis small enough, typically for
grain diameters, d > 1 mm. In this work, we consider, in
the context of shaker systems,what happensto pressure
e®ectsasthe gaspressure,P, is reducedtoward zero. The
issuesraised here should also be relevant broadly to sys-
tems where gas is important and where the pressureis
low[8].

For the shaker system, the presenceof gas leads to
the formation of a heap, as rst discussedby Faraday[2].
If all the gasis removed, the heap goes away[4,5]. If the
pressure,P, is decreasedmonotonically towards zero, the
heap height, H, grows rst to a slight maximum until a
characteristic pressure,belov which the heap height falls

o® abruptly. In spite of much study, there has been no



discussionof the physicsthat is responsible for these fea-

tures.

Here, we focus on two possible reasonsfor the rapid
fall-o® of H with decreasingP. The rst of theseis the
onset of a Knudsen regime which occurs when the typi-
cal distance betweena gas moleculeand a grain becomes

comparableto a gasmolecule mean free path (mfp),

T 1Eny 1)

where n is the number density of molecules,n = P=RT,
and ¥ is the cross section for intermolecular collisions.
We estimate that the onset of this regime coincideswith
the fallo® of heaping in recert experiments[5]. In order
to describe this regime, we use a Knudsen-basedeplace-
mert for the usual linearized Darcian °ow equations. This
Knudsenregime model predicts the vanishing of pressure
e®ects,unlike the Darcian model. However, simple lin-
earization of the Darcian °ow equationsalsofails in roughly
the same pressure regime, and this is the secondissue
that we consider here. This meansthat a description of
the transition betweenthe Darican and Knudsenregimes
is complicated and hencebeyond the scope of this work.
Howevwer, it is possibleto estimate the forcing available
from °ow in the linear Darcian regime and the Knudsen

regime, as showvn here.

The systemwhich we consideris schematicizedin Fig. 1.
A box of granular material of mean height, h undergoes
a vertical displacemen z = Acos(t). (In many of our
experimerts, the rectangular box was replacedby an an-

nular containaer in order to remove the frictional forcing

from one pair of sidewalls.) A heap forms for moderate

dimensionlessaccelerations,

i = Al >=g @)

with | » 1. We characterize this heap by either the dis-
tance L abovethe baseof the container (as measuredwhen
the heapis in contact with the base)or the angle£ of the
heap relative to horizontal. The layer also goesinto free
°ight during part of eath shaker period. This createsa
gap between the base of the shaker and the bottom of
the granular material. During the cycle, gas°ows in and
out of the material with a characteristic speedthat is at
least nominally set by the peak velocity of the shaler:
Vshaker Al . The heap is one manifestation of a com-
plex °ow which involves not only the e®ectsof gas, but
also friction with the sidewalls and dilational aspects|9,
10]. For instance, the complexity of the °ow is re°ected
in the fact that for rough particles, there is an up°ow of
grains along the side of the container, whereasfor smooth
grains, there is a down°ow[10]. The e®ectof overall gas
°ow hasalsobeenstudied by Akiy amaet al.[11]who found

that changesin the shaker geometry that a®ectedthe gas

°ow also a®ectedthe heaping process.

Fig. 2 shaws the variation of heap height and angle
of inclination, £, with P. Part a of this gure shaws £
over a large range of P, and part b shavs L for just the
small-P region. We usetwo measuresof the heap height,
H, and L, which are simply related by L = h+ H=2. Here,
h is the mean height of the layer, which can be read o®
h. L

the bottom part of Fig. 2, sinceasP ! 0, L !

and £ change relatively slowly with decreasingP until
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Fig. 1. Schematic of the experiment, showing various param-

eters. Note that L = h+ H=2.

» 10 Torr; below this pressure,they decreaserapidly[5,
10]. At very low P, P - 10 “Torr, there is only a small
residual heap which apparertly remains becauseof wall
forcing. In Fig. 2b, we have tted the data near the fallo®
region to the form L = atanh(KP) + b, sothat Ki ! is
a typical pressureat which the heaping stops. Note that
the data set in this "gure which is lower than the others
corresponds to a lower mean height, h, of the layer.

A corventional way to model gas °ow through the
granular material is to assumethat the material is a porous
medium (PM) characterizedby Darcy's law[3]. Thus, there
is a solid matrix of grains (which ewlvesin time) sur-
rounded by a pore spaceoccupied by gas. This kind of
model captures several of the relevant features. However,
at low P, mfp e®ectscan becomeimportant, indicating a
failure of this model. A simple calculation outlined belowv
indicates that these e®ectsbecomeimportant just at the
point where L starts to fall o®in Fig. 2.

In order to provide additional insight into this system,

we show in Fig. 3 particle tracking imageswhere individ-
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Fig. 2. a) Angle, £, of the granular heap relativ e to horizon-
tal vs. Pressure, P after Pak et al. Di®erert symbols indicate
di®erert shaking amplitudes, A. b) Heap-to-base height, L vs.
P for a smaller range of P and for various grain diameters, d.
Di®erent symbols correspond to the indicated viscosities (196
and 182 Ipoise, respectively for helium and air) and d's. The

data were obtained at j = 1:3 with A = 5:34 mm.

ual particles were followed over time, and in Fig. 4 infor-
mation on the overall °ow patterns. Fig. 3 showsin partic-
ular, that there is a strong °ow of particles inward under
the baseof the heap. These particles are then pushedup-
wards when the layer of material collides with the base
of the shaker, providing the nominal \motor" to drive the
heapingprocess,aspointed out by Laroche et al.[4]. Fig. 4

shows how the systemewlvesin time by constructing lay-
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Fig. 3. Twelve secondtime-lapse image showing the motion of
individual grains near the baseof the container and the valley
of the heap. Grains are pulled in rapidly under the base.Over-
layed on the image is the velocity “eld color coded according

to magnitude. These results are for atmospheric pressure.

erswith initially °at proles built from alternate dark and
light colored layers. The "gure contains information for
relatively large and relatively small A, and shaws alsothat
the origin of the heapingoccursasmaterial nearthe valley
is advectedunder the heap. Note that a valley reaching to
the cortainer basetypically formsin the annular container
nearly opposite the peak, provided h is not too large. For
arectangular container, the corresponding location for the
low part of the layer is typically at the extreme edges.At
the valley, the particles move towards the certer of the
heap which can only be due to pressuregradierts. When
A is small, this e®ectis reduced,and the certral portion of
the material may remain unperturb edfor very long times;
in the small-A images,the certral regionis unmixed after
more than 10° shakes.

Before turning to an analysis of the pressure gradi-

ents which may result from the °ow, we consider when

Small Amplitude Large Amplitude
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Fig. 4. Time-lapse images showing the °ow of material for
both large amplitude (A = 0:66cm) and small amplitude (A =
0:089cm). The left two images are the initial (top) and Tnal
(bottom) states for the smaller shaking amplitude, and the
right two images are shortly after the initial (top) and nal
(bottom) state for the larger amplitude. The initial state in
ead case consisted of a series of light and dark material of
the same size. The amount of material convected under the
heap increaseswith amplitude, A. For the small amplitude,

the certral core region remains unmixed after » 10° shakes.

a Knudsen regime should begin, and we show that this
corresponds reasonablywell with the fallo® of heapingin
experiments asP ! 0. It isclearthat asP becomessmall,
the mean free path of the gaswill becomelarge enough
that collisions of moleculeswith grains will be at least as
important as collisions with gasmolecules.We frame this
issueby asking when the typical distance, D gpen, between
a point in the open pore spaceand a grain is equal to .

We calculate Dqpen for a densepadking by the following

simpli cation. We note that for eac solid volume,

Vs = (4=3)/(d=2)°; ®)



(whered is agrain diameter) there is a corresponding open
pore volume of

Vo = [AH1i A)Vs; “4)
where A is the porosity or open volume fraction. We ap-
proximate V, asa sphereof radius R = (d=2)[A(1j A)]*3.
By a simple calculation, the average distance between a
point inside a sphereof radius R and its boundary is then
®)

Obviously, this calculation is simplistic, but for a dense

Dopen = R=4 = (d:8)[A:(1i A)]1:3:

pading, the typical distance betweena pore spacepoint
and the wall is a relatively small factor of d due to geo-
metric considerations, say:
' 0:1d: (6)

We can then compare the onset of mfp e®ectswith the

D open

fall-o® of heaping using
Y= (n%)i = kg T=P¥% ()
For Nitrogen gasat 10 Torr, and d = 0:05 cm, "=0:1d '
0:6. More generally, the condition = = 0:1d implies an
onsetfor mfp e®ectsat:

2

Pressure E®ects in a Linearized Darcian Mo del

We turn next to an estimate of the pressureforceswhich
may be present during the shake cycle for an ordinary
viscous gas. (For a more extensive calculation, see Gut-
man[3].) An exact description of the °ow is a formidable
task well beyond the presen work. In order to make prog-
ress,we frame a simpler problem, examining the proper-

ties of its solution and possibleimplications for granular

heaping. Spec cally, we considera layer of granular mate-
rial of height h, which we model asa PM which is subject
to a suddenchangein gaspressure(or velocity) at oneend
(the bottom, z = 0). The typical velocity step is takento
be of the same size as what we would expect from the
velocities set by the shaler, i.e. Vshaker » Al . We then
estimate the typical force which a grain would experience
if it weresubject to such a step. It isinterestingto compare
this forceto the weight of a grain, and to estimate how far
such a force could carry a grain during the time that the
granular material is in free °ight above the shaler, if the
force were applied horizontally. We carry out this analysis
for Darcian °ow in this section, and similar analysis for
Knudsen®ow in the following section.In the latter regime,
ordinary viscousdrag vanishes,and the Darcian model for
porous media °ow cannot apply. Regardlessof the regime,
a step changein the gasvelocity leadsto a damped °ow of
gaswhich typically decays on a time scalewhich is shorter
than the time for one shaker period, T. Accordingly, we
factor in the deca of the resulting pressuregradient as

well.

For the Darcian picture[3,5], we approximate the gas

°ow through the PM by Darcy's law,

B(%:=A@=0@= i [@=@+ (*=° V] 9)
and the continuity equation
A@=a= | @%Y-@; (10)

where 2and 1 are the gas density and viscosity, v its
velocity relative to the PM, and ° its permeability. We
assumethe Ergun relation for the last of these:

° = d?A3=[150(1; A)?: (11)



For a typical grain size,d = 0:05cm, and ° = 3.0£
10 8cm?. In Darcy's law, we have included an acceler-
ation term, B 6 0, in order to avoid violating causality,
but more extensive analysis shaws that the normal ver-
sion (with the left side replaced by zero) is actually ad-
equate here. For typical gasvelocities » 25cm=s, and at
atmospheric pressure,the pore-scaleReynolds number is
Re = Vghaker d=° ' 10 (° is the gaskinematic viscosity).
This is above the regime where Darcy's law is strictly reli-
able, but the corrections are not likely to be signi cant at
the level of the presen approximations. By the time that
P falls to » 0:1Atm = 76Torr, we expect Re ' 1, for
which the Darcian °ow model should be reliable. More-
over, we assume[3]that small variations in %2are related

to those in P by the isothermal compressibility because

the grains e®ectiwely provide a heat bath:

Ho= Yo +P: (12)

Appropriate manipulation yields a di®usion equation for
small amplitude variations in any of v, P, or ¥z For exam-

ple:

@P=@= Dp @+P=@% (13)

where Dp = °=(A-11) / P. For a set of standard con-
ditions (P = 1Atm, d = 0:05cm, A= 0:4,! = 1.82£
10 #poise, A = 0:5cm, h = 10cm, | = 1:3), Dp =

4:1£ 10%cm?=s.

We look for normal mode solutions to these equations
where the space-timevarying parts of P, v etc. have the

form

(£P; v) = (Po; Vo) exp(ikz j t=¢); (14)

with amplitudes related by

Po = ivol=(k®): (15)
To make the problem more precise, we will assumeap-
proximately realistic boundary conditions, namely v = 0,
i.e. a no-gas-°ux boundary condition at the bottom of the
layer (z = 0), and a "xed-P boundary condition at the
top (z= h). That is, 2P = 0 at z = h. Implementing the
boundary conditions we obtain solutions for the pressure

part of eadh mode:

Pn = Pon €0sknz) exp(i t=¢a); (16)
where

kn = ¥2n i 1)=2h; (17)
is a positive integer, and

én = 1=Dp k2: (18)

Of these,the slowestone,n = 1 dominates. We henceforth

consideronly this mode, with relaxation time

¢ = (2h=%)2=Dp; (19)

and drop any subscript.

We would like to calculate the force on a grain from
the gas °ow. In principle, this requires the stresstensor
at the grain surface, something which we do not know.

Howewer, we estimate the force on a grain by
z

Fgas = Pda= (Y#6)d®Pok: (20)

It is alsoimportant to recognizethat Dy is relatively
large, so that ¢ may be short compared to the shaker
period, T = 2¥=!. For example,in a typical experimernt
' 10 3s.In

at atmospheric pressure, T ' 0:1s, and ¢,

that evert, a more meaningful estimate of Fgas involves



an averageover the exponertial time decay, i.e. the mean

force on a grain should be reducedby the integral
Z

177 t ; T
I(T=))= = exp(i )dt= Z(Li expli -):  (21)

T o ¢ T é
In principle, only the free°ight time of the material should
be used, sothat T should be reducedas ! .. How-
ever, this level of detail is beyond the current analysis. |
varies between 1 (¢=T large) and ¢=T, (¢=T << 1). At

atmospheric pressure,the latter is likely to apply, but at

small enoughP, I ! 1.

In order to estimate the e®ectof Fgas accordingto this
model, we calculate the ratio, Rp, of Fyas to the force of
gravity, mg = (41/433)(d=2)31/g, determined by the bulk

density, ¥, of the grain material:
_ Pokl

I:gr avity 1/@9

Fgas

Rp = ' L8£ 10°(hi=d?)?j =%4P: (22)
Here the rightmost expressionappliesin the small-¢, (typ-
ically largeP) limit. This expressionprovides an order
of magnitude estimate which has some qualitativ ely cor-
rect features, but also some features which require addi-
tional discussion.It correctly indicates that pressure ef-
fects should depend strongly on particle size, and that
they should actually becomestronger with decreasingP,
which isin fact the caseexperimentally for pressuresabove
K i1, However, it doesnot predict the cessationof heap-
ing at very low P, nor doesit indicate why the amplitude,
A, should be important. Also, Rp ' 0:006at P = 1Atm
(standard conditions), but is nearly two orders of magni-

tude larger at Pny¢ o, whereasthe obsened variation of L

or £ with P is much wealer.

An explanation for amplitude e®ectscomesby examin-

ing the motion of grains which are carried by gaspressure

e®ectsunder the heapin the vicinity of the valley. In gen-
eral, we expect that a horizontal force » Fgas acts on the
grains near the baseduring the time that the heapis in
free °ight, i.e. for a time T¢ , where ¢ is the fraction of
a period which the layer spends o® the base. For exam-
ple, ¢ = 0:46 for j = 1:3, a typical j for these experi-
ments. This estimate for ¢ comesby assumingthat the
distance betweenthe baseof the shaker and the layer can
be described by the trajectory of an inelastic ball driven
by a sinusoidally oscillating platform[13]. Although this
seemson the surfaceto be an extreme approximation, in
practice, we have found that it is a reasonableapproxi-
mation of reality[12]. Hence,we would expect that during
ead shake cycle, there would be a lateral displacemer,
X = (Fgas=m)(T ¢ )2=2, towards the certer of the heap,
givenin units of d by

x=d = 2¥Z¢ 2Rp (A=d)j i 1 (23)
For the standard conditions, x=d ' 0:21, not a large value.
Perhapsmoreimportantly, the meanspeedassaiated with
this displacemert is x=T / A7, Sincethe distance which
the bottom of the heap reaches above the basealso in-
creaseswith A, this expressionsuggestat least heuristi-

cally, why the heaping e®ectincreasesstrongly with am-

plitude.

3

Failure of the Darcian Picture at Low Pressures

The linearized Darcian picture fails as P ! 0 for two
reasons: rst, viscous °ow no longer appliesas ™ ! d,

and second,the pressureamplitude neededto obtain a



velocity of » Al is comparableor larger than the ambient
pressure.We consider rst the Knudsenregime. In this
case,di®usionof gasthrough the material still occurswith

a mfp set by the grain spacingand a collision time

& » d=vr; (24)
where
vr = (8kg T=¥n)*™2 (25)

is the meanthermal velocity of the gas moleculesof mass
m. That is, we think of a moleculeas executing a random

walk through the material with a stepsize¢x ' danda

step time ¢.. The result is di®usionwith a di®usivity
Dk ' vrd: (26)
This limit is particularly relevant in industrial applica-
tions wherethere are very "ne particles[8]. The interesting
distinction betweenthe ne powder caseand the presen
situation is that here, the forces from the gas °ow are
weak relative to gravitational forces(i.e. asP ! 0). We

can estimate the prefactor in this result by making the

Darcian and Knudsen di®usivities identical, Dp = Dk,
when ™ = 0:1d. The result is
Dk = (¥&0)(AX1i A)>?vrd: (27)

In the presenceof a density gradient (i.e. pressuregradi-

ent), Dk replacesDp above. We expect a mass°ux

j =iDkr %, (28)
which de nes a velocity "eld via
j = %AV (29)

Here, we assumethat the mean free path of a moleculeis
small comparedto the dimensionsof the container, sothat
a cortinuum approximation is still valid. The cortinuity

equation, @>=@r ¢ = 0, implies a di®usionequation for

P, v, % etc. wherenow the di®usivity is Dk . As before,we
usets= Y5 +P. We canthen repeat the previous analysis
to obtain the typical force on a grain in this regime:
Rk = Fi =Fgravity = Vol (T=¢)=A%Dx -1/ P: (30)
A key point is that Dk is independert of P, unlike Dp

in the viscous case[8].Now, the e®ectsof the pressure
vanish with decreasingP, as needed.Using the standard
conditions except P = 10Torr, with T = 293K, yields
Dk = 58xm?=s, Rk = 0:17.In the samevein as the
Darcian calculation we estimate a typical horizontal dis-
placemern per shake of

x=d = 2V£¢ 2Rk (A=d); ' 1 (31)

The secondissuethat arisesasP ! 0 is that the sim-
ple linearlized Darcian picture in which we assumethat

the gasvelocity is » Al breaksdown in roughly the same
regime of pressuresas Py ,. That is, the assumedpres-
sure amplitude, P, = ive!=(-° ), becomescomparableto
ambient pressureat about the sametime that ~ ' 0:1d.
Speci cally, for the standard conditions used above, the
pressureamplitude is P, = 7:1Torr. The assumption of
Eq. 12 that there is a simple linear relation betweenpres-
sureand density °uctuations, with a constart proportion-

ality coexcient, must be abandonedto describe pressures
of this size. The Knudsen picture must be used at low
enough pressures,but in the crosswer between Knudsen
and Darcian regimes, a full nonlinear treatment of both

gas and particle dynamics is necessaryto resolwe which

e®ectplays the most important role.

For typical experimerts, the points at which P, ' P,

and at which ° 0:1d are close together. Howewer, it



is possibleto separatethese two pressuresand henceto
examine the two e®ectsseparately Speci cally,
Po=Pur p = (40 2(vo=va)(1 i A)=dA®; (32)
where we have usedvg = (8kg T=¥n)'=2, and the Ergun
relation for °. For the standard conditions, Py=Py p =
0:72. By adjusting the temperature, Vghak er , the particle
diameter and the layer height, it should be possible to

obsene the two e®ectsseparately We anticipate this type

of study in the future.

4

Conclusions

To conclude, we have shavn that the decreaseof granu-
lar heapingas P ! 0 is connectedto two e®ects.One
of theseis the onset of a Knudsenregime where the mfp
is comparable to or larger than the distance between a
gas molecule and a grain. This applies in the low pres-
sure limit. We have then considereda replacemen model
for gas°ow in this regime and shown that it hasthe cor-
rect properties to accourt for the end of heaping in the
low-P limit. In roughly the same pressureregime of ex-
isting experiments, a linear description of Darcian °ow,
as usedin past calculations[3,5], breaks down. Necessar-
ily, we have used simpli ed analysis, and there remains
the considerablechallange of describing the detailed cou-
pled nonlinear granular-gas °ow. Such an analysis would
include the fact that as the amplitude (or j ) increases,
there is more dilation of the upper layer, and a greater
open volume under the bottom of the heap. The “rst of

theseleadsto increasedsurfacegrain °ow, and secondto

stronger gas °ow. Also assaiated with an increasedA is
an increasein the e®ectof shearing at the sidewall. An
interesting possibility might be the use of molecular dy-
namics for both particles and for grains to better address

the Knudsenregime.

This work which was supported by the National ScienceFoun-
dation under Grants DMR-9802602, and DMS-9803305, and

by NASA under Grant NAG3-1917.

References

1. For a broad review seeH. M. Jaegerand S. R. Nagel and
R. P. Behringer, Physics Today, 49, 32 (1996); Rev. Mod.
Phys. 65, 1259 (1996), and referencestherein; Physics of
Granular Media; Granular Matter: An Interdisciplinary Ap-
proach, A. Mehta, Ed. Springer, NY (1994); R. P. Behringer,
Nonlinear Science Today, 3, 1 (1993); D. Bideau and J.
Dodds, eds. Les Houches Series,Nova (1991)

2. M. Faraday, Phil. Trans. R. Soc. London 121, 299 (1831).

3. R. G. Gutman, Trans. Instn. Chem. Engrs. 54, 174 (1976);
54, 251 (1976).

4. C. Laroche, S. Douady, and S. Fauve, J. Phys. France 50,
699 (1989).

5. H. K. Pak and R. P. Behringer, Phys. Rev. Lett. 71, 1832
(1993); H. K. Pak, E. van Doorn, and R. P. Behringer, Phys.
Rev. Lett. 74, 4643 (1995).

6. X. L. Wu et al. Phys. Rev. Lett. 71, 1363(1993).

7. T. Rafaat, J.-P. Hulin, and H. J. Herrmann, Phys. Rev. E
53, 4345 (1996).

8. R. Krishna and J. A. Wesselingh,Chem. Eng. Science52,

861 (1997).



10

9. P. Evesqueand J. Rajchenbach, Phys. Rev. Lett. 62, 44
(1989); J. B. Knight, H. M. Jaeger, and S. R. Nagel, Phys.
Rev. Lett. 70, 3728 (1993); S. Douady, S. Fauve, and C.
Laroche, Europhys. Lett. 8, 621 (1989); P. Evesque,J. Phys.
France 51 697 (1990); E. Cl§mert, J. Duran, and J. Rajchen-
bach, Phys. Rev. Lett. 69, 1189 (1992).

10. E. van Doorn, H. K. Pak, R. R. Hartley, and R. P.
Behringer, to be published.

11. T. Akiy ama, K. M. Aoki, K. Yamamoto, and T. Yoshikawa,
Granular Matter 1, 15 (1998).

12. E. van Doorn and R. P. Behringer, Europhys. Lett. 40,
387 (1997).

13. Anita Mehta and J. M. Luck, Phys. Rev. Lett. 65, 393

(1990); Phys. Rev. E 48, 3988 (1993).



