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Calculating the Matrix Elements for 3°K

m Determining the
] —_ 3 —_— 3 ] — 1 — 1 — 1 —
(0'=5.1=5)F =3 m=3|u1|0=3,1=
element from the measured lifetime

N w

)F =2, m =2) matrix

Thelifetime of theL = 1 excitedstatesn 3°K , 7, hasbeenmeasuredo be25.8ns. All but oneof the excitedstatescan

spontaneouslylecayto severalgroundstatesBecause| F' = 3, m’ = 3) decaysonlyto |F =2, m= 2), thespontaneous
lifetime isrelatedto = (3" = 3, 1= 2)F =3 m' =314} [I= 2, 1= 2)F=2 m=2) by 2 = 45 ;2

Tsp

-27 27 1 -9
h=1.054%x10 (» erg-s *); Kz ——— (» cnT* *); ©t=25.8x10"" (%* S *);
766.7x107'

3ha
wEA\ e (* esu-cm *)

7.46121x 10718

Generallyu is putinto Debye(D). 1D = 10 *8 esu cm.

_ H
= 10—18
7.46121

: , _ 3 3\ : 1 3
m Calculatingthe (' =3, 1=5)F' =3, m'[g |(I=3,1=5)F =2, m)
matrix elements
m Calculating the reduced matrix element ((J’ = % | = %)F =3 pt (3= % | = 2—)F =2)

UsingJET92.1:
. . TR L e .
L T R i R LG T P T

we cancalculatethe matrix elementdor othertransitionsbetweenthesetwo F-levelsKnowing the left handside of the

equationfor onetransitionallowsusto calculatehereducednatrix elementn theF = | + J basis.Rewriting92.1.:
m(F  1F

N3 HFE m I#é INdHFm ==~ " (—m’ q m)(“' A DFE et n@DF)

Thefollowing functioncalculateghe entirecoefficienton theright sideof theequation:

threedcoeff[fp_, mp_, q_, f_, m]:=(-1)P™x
ThreedSynbol [{fp, -nmp}, {1, q}, {f, Mm}]
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threedcoeff [3, 3, 1, 2, 2]

1
J7
; ; ) 3 3 , 1 1 3 . . ..
This gives((J' = 5, | = 72F =3[lutll (3= 3, | = 5)F =2) = V7 u. Using this resultand 92.1 repetitively, we an
determineall of the((3' = 3,1 = 3)F' =3, m' |1t | (3= 3,1 = 2)F = 2, m) matrixelements.
m Calculatingthe((J' = % | = %)F =3, m|u| (0= % | = %)F =2, m) matrix elements

We will expressall matrix elementsn termsof u ascalculatedabove.The functionf232 (2 for theD, line,3for F' =3
and2 for F = 2) performsthe calculation:

f232[mp_, g_, m]:=threedcoeff [3, nmp, q, 2, m] N7

m Calculations

£232[3, 1, 2]
1
£232[2, 0, 2]
1
73
f232[1, -1, 2]
1
Ji5
£23212, 1, 1]
2
3
f232[1, 0, 1]
2|15

23210, -1, 1]

1
V5

23211, 1, 0]

2
5
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f232[0, 0, 0]

3

5

= Resultsin g units

(0=31=3)F =3 m=31ud|0=71=F)F=2m=2)=1
(=51=3)F =3 m=214|0=5,1=3)F=2 m=2)= =
(=31=3)F =3 m=11u|0=31=3)F=2 m=2)= Z
(00 =31=2)F =3 m =214 |9=}1=3)F=2 m=1)=2
(=31=3)F=3 m=11g|0=21=3)F=2m=1)=2{2
(=21=3)F =3 m=01xy[J=3,1=3)F=2m=1)=
(r=21=3)F =3 m=11d|0=31=3)F=2m=0)=Z
(=21=3)F =3 m=01|0=2,1=3)F=2 m=0)=2

Theremainingelementsanbedeterminedisingthefollowing rule:

(F', m" |ug | F, m)= Since
P (FLF oy (F 1 F Ly FFom e, o
Oy g ) VTG0 (L VT k= (', =’ | pikq | F, —m)

for 39K the2xm will beeven,we canwrite:

(F, m' g |F, m=(-17" THF, - ik |F, -m)

For transitionshetweerthesetwo levels,thequantityy = (—1)":'_':_l =(- 1)_3_2_1 =1.
The matrix elementsanbe checkeddy usingthe sum-rule:

L] 1 2 ! 1 2
D E 0 L [ Fymy 7 = SEUGIEE =

Forg=+1:
1 2 1 2 7
+— +t —+ — + — == —
15 3 5 5 3
True
Forq=0:
1 8 3 7
zx(—'l-—) + —— == —
3 15 5 3



KmatrixElements.nb 4

m Calculating the other D, matrix elements

m Thereduced matrix elementsin the D, line
To calculate the matrix elements between different F-levels of the D,line, we can use JET
104.1:
' J 1 F
@DF I IENF) = (D" PEV@F +D@F+D {T | 5} it 1)
The functionsixJcoeffevaluateshe coefficienton theright sideof theequation:

sixJcoeff[jp_, i_, fp_, j_, f_1:=
(-1) Pl 3 Fp+1) (2F +1) SixJISynbol [{jp, i, fp}, {f, 1, j}]
We know (3'=3,1=3)F =3|lxt1(J=2,1=3)F=2)=v7u, so we can calculate
(3" = 3114 113 = 3 ) byevaluating

sixJcoeff[3/2, 3/2, 3, 1/2, 2]

ﬁ

2

This gives(J’ = % ERE %) = 2 u.We canusethis resultand104.1againto calculateotherreducednatrix elementsn
theD; line.

g2(fp_, f_1:=sixJcoeff[3/2, 3/2, fp, 1/2, f]x2

m Calculations
9213, 2]

\NT

92[2, 2]
5
2

92[1, 2]

1
V2

92[2, 1]

5
2
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g2[1, 1]
5
N\ 2

9210, 1]

1

m Resultsin g units

(=3.1=3)F =3l (=3, 1=3)F=2)=V7

(0 =31=3)F =21 1(0= 7. 1=3)F=2)=-V 3
(=312 2)F =11 0= 3. 1= 5)F=2)=

(=%1=3)F =21 10=3.1=3)F=1)=3
(r=21=2)F =11 Q=5 1= 2)F=1==y3
(07=31=3)F =0llu I 9=3 | =3)F=1)=1

To checktheseresultswe canusethefollowing sum- ruIe

Z (K@ DF I IADEYD = (13" It 11D ) 2F + 3T
1

ForF=2J=3,w we have:
5) 1 )? 2(2) +1
2
(V7)) + Y N IR B S S ORI
2 Ne 2(1/2) +1
True

ForF=1,J= %,Wehave:

2 2

[/i] .- /i] S22 2D 21
2 2 2(1/2) +1

True
- , 3 4 _ 3\ —— 1 _ 3\ _ -
= Calculatingthe((3'= 2, 1=2)F' =2, m' | | (J= 5,1 = 3)F =2, m) matrix elements
With (3" = 3, 1= 2)F =2t | (3= 3, | = 2)F =2)= -/ 2 andJET 92.1we cancalculatethe matrix elements

betweerF’ = 2 andF = 2. Definingf222:

’ 5
f222[mp_, g_, m]:=threedcoeff[2, np, g, 2, m] x - 5
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m Calculations

f222[2, 0, 2]
o1
\/3
f222[1, -1, 2]
o1
\6
f22212, 1, 1]
1
\6
f222[1, 0, 1]
1
243
f222[0, -1, 1]
1
2
f222[1, 1, 0]
1
2
f22210, 0, 0]
0

m Resultsin g units

(=3 1=3)F=2m=21|0=31=3)F=2 m=2)=-—
(=3 1=3)F=2m=1 Q=3 1=3)F=2m=2)=-=
(=3 1=3)F=2m=24|0=31=3)F=2 m=1)= =
(=31=3)F =2 m’:l|u%|(J=%,l=%)F:2,m:l):—ﬁ
(=21=2)F=2m=0|p |U=3.1=3)F=2 m=1)=-3
v e s e 0= 1= 3)F=2 m=0)= 1
(( =3 —3) =& m = |“1|(—%' —3) =2, m=0)=3
(O=51=3)F =2 m=0]uf|(J=5,1=5)F=2,m=0)=0

The ¢ for thesetwo levelsis ¢ = (-1) 227! = —1.

) 2
Checkingtheseresultsusingthesum—ruIeZ (IF", m’ g | F, m) |)2 = W;
m,m
Forg=+1:
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True
Forqg=0:
(E) - ()] o-HE)
V3 23 8 2
True
= Calculatingthe((J' = % | = %)F =1, m|u| (= % | = %)F = 2, m) matrix elements

f212[mp_, g_, m]:=threedcoeff [1, np, q, 2, m] x

m Calculations

f212[1, -1, 2]
1
V10
f212[1, 0, 1]

1
245

f212[0, -1, 1]
1

2+/5

f212[1, 1, 0]
1

2 /15
f212[0, 0, 0]

V15
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m Resultsin g units

(=3 1=3)F =1 m=1u [Q=31=3)F=2m=2)= =
(=31=3)F =Lm=114|0=31=3)F=2m=1)= -7
(0 =31=3)F =L m=0x [(J=31=3)F=2 m=1)= —
(0 =21=3)F =1, m =114 |0=51=3)F=2 m=0)= =

) (=) =) =5 )

True

w3 )

True

m Calculatingthe{(J' = % | = %)F =2, m |m| (0= % | = %)F =1, m) matrix elements

, 5
f221[mp_, g_, m]:=threedcoeff[2, np, q, 1, m] x 3

m Calculations

f22112, 1, 1]
1
\2

f22111, 0, 1]

1
2

f22110, -1, 1]
1

243

f221[1, 1, 0]

N|
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m Resultsintermsof u

(r=3.1=3)
(=21=3)
(=31=3)
ry=21=2
(|
¢p=(-1 " =
1
%)
True

m Calculatingthe((J' =

F’=2m=2|#%|(J=-%,|=g)|:=1,m=1>=%
F’:2m_1|p%|(J:-%,I:%2F:1,m:l>:%
Fr=2,m =00y |9=71=3)F=1 m=1)= 5=
F=2m=1g|(0=31=3)F=1,m=0)=3
. P O S L
Fr=2,m=0lu|0=31=3)F=1m=0=—
1
? 1) 1y 1[5 i
* 24/3 (E) T3 2

* 1[5 i

]"E 2

S 0=3)F =1 m|u|(3=3 1=3)F =1 m)matrix elements

5
f211[nmp_, q_, m]:=threedcoeff[1, np, q, 1, m] x —1’ >

m Calculations

f21111,

5

3
2

f21110,

3
2

21111,

5

3

2

f21110,

0

-1, 1]
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10

m Resultsin g units

(=21=2)F=1m
(=2 1=3)F=1m
((J’z%,l:%)F’:l m’
(=21=3)F =1 m
p=(D7 =1

= Calculating the {(J’

f201[mp_, q_,

m Calculations

£201[0, -1, 1]
1
V3
f201[0, 0, 0]

1
T?T

m Resultsin g units

m ]

1|/‘l%|(‘] 2 , 5
1 _ 1 _ 3 _ _ _ 35-
01 |(9=3.1=3)F=1, m=1)=-
5
1|/J%|(J=-%,I—%)F=1, m=0) = f;_
Ol |(9=3.1=3)F=1m=0)=0

%, I =%)F’ =0, m’|p(1]|(\]=-%, | = %)F:l, m) matrix elements

:=threedcoeff [0, np, g, 1, m x 1
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True

m Calculating the D; matrix elements

m Determiningthe (I’ =1, s= %)J % Nptll(1=0,s= %)J = %) matrix element

Toget((l’=1,s= %)J = % Nt l1(1=0,s= %)J = %) andthereducedmatrix elementsn theD; line, we mustreduce
the ((I'=1s= %)J = % et 1(1=0,s= %)J = %) to the | basis usingJET 104.1 again:

@9t ld9d) = D' VI +D @I+ D) |

3
31 (S =tEtn=0

sixJcoeff[1, 1/2, 3/2, 0, 1/2]

I"=21ut 11=0)=V3 p.

Then,in g units,((I' =1,s= 3)3" = 5 [l 1(1=0, s

1
N[ =
N

(&)

1
N~
~

7]

sixJcoeff[1l, 1/2, 1/2, 0, 1/2]1x3

m Thereduced matrix elementsin the D, line

With ((I'=1,s=3)3 =2 111 I(1=0, s= 5)J=3)=-+/2 , the D; reducedmatrix elementsare given by

T+l +F+ ] J
@ DF I IIANF = DIV RF +DeF+D (T | )

(3" || 12 11 3) usingthefunctiongl:
glffp_, f_]1:= sixJcoeff[1/2, 3/2, fp, 1/2, f]1x(-V2)

m Calculations

9112, 2]

5
N\ 2
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12

glr[1, 2]
5
2
g1[2, 1]
5
N\ 2
g1[1, 1]
1
V2
m Results
(' =31=3)F =211 0=%,1=3)F=2)=-3
(=21=3)F =11x 10=%1=3)F=2) =3
(r=2a=3)F =211 (0=% 1= 3)F=1)=-/3
(00 =3.1=3)F =11t 10=3,1=3)F=1)= %
Checkingwith thesum-rule:
ZF, (@' DF I TADFY D = (13 1Tt 19y ) 252
ForF =2, J= +, wehave:
2 2
|5 /5 2 2(2)+1
N7 = | == (-V2
[ 2] ’ 2] ( ) 2 (5)+1

m Calculatingthe((J' =

f122[np_, q

5
m ] :=threedcoeff[2, mp, q, 2, m] x [—1, 5]

=3
2

)F =2, m) matrix elements
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13

m Calculations

f122[2, 0, 2]
1
V3
f122[1, -1, 2]
1
\/6
f12212, 1, 1]
1
V6
f122[1, 0, 1]
1
23
f122[0, -1, 1]
1
"2
f122[1, 1, 0]
1
2
f122[0, 0, 0]
0
= Results
(=2 1=3)F =2 m=2|4|(0=3,1=3)F=2 m=2>=—%
(=3 1=3)F=2m=1 [J=31=3)F=2m=2)= =
(=31=3)F=2m=214|0=3,1=3)F=2 m=1)=%
(=3 1=3)F=2m=114|0=3,1=3)F=2 m:l):—%
(=31=2)F=2m=0|p |U=31=3)F=2 m=1)=
((J’_i I=§)F =2, m =144 |(d=2,1=3)F=2, m=0)= 1
2 3 | S A L P, 2
(=5 1=5)F =2 m=0|u|J=5,1=5)F=2 m=0)=0
The ¢ for thesetwo levelsis ¢ = (-1)>2 = —1.

= -

True
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() L))o -3

= Calculatingthe((J' = % | = %)F =1, m|ui| (3= % | = %)F =2, m) matrix elements

’ 5
f112[mp_, g_, m]:=threedcoeff[1, np, q, 2, m] x >

m Calculations

f112[1, -1, 2]
1
V2
f112[1, 0, 1]

1

2

f112[0, -1, 1]

1

2

f11211, 1, 0]

1

2+/3

f112[0, 0, 0]

o1

3
m Results
== F =1 m=114,|(0=21=3)F=2 m=2)= L
<( 2 2 H=a 2 2 2

= 5, = = = m = /l% =5,1=7 =Z, M= =3

(o %I z)F T=1ud (9= 3,1 ggp 2 1)=-5
J=2,l=3)F =1, m=0[p}y |J=5,1=2)F=2 m=1)= 1
<( ? 3) 11 1? 33 i
<(J’—?'=§)F = ,m’—1|ﬂ1|(J=-§"=g)F:2 m:°>:_¢§
(0 =1% Ilzz?)F =1L m=0ly5|(0=31=3)F=2 m=0)=-—
¢=(-nt*t=1
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= Calculatingthe((J' = % | = %)F =2, m|ui|(I=5,1= %)F =1, m) matrix elements

N

m Calculations

’ 5

f121[mp_, g_, m]: = threedcoeff[2, nmp, q, 1, m]x[— E}
f121[2, 1, 1]
o1

V2
f12111, 0, 1]

1
2

f121[0, -1, 1]

1

23

f121[1, 1, 0]

1

"7

f121[0, 0, 0]

1

V3
m Results
(=3.1=3)F=2m =2|/,&|(J=-%,I=%)F=1,m=1)=—%
((J: —%,Ii%)F:iZ m :1|y§|(J=_-%l,I=_%2F=_1, m:_l}:_—% )
(=5 1=3)F=2m=0|p4y |J=3.1=5)F=1, m_1>_—m
<(J’=%,I=§)F’=2 m =1|y%|(J=-%,I=§)F=1,m=0>=—%l
<(J’=7,2Il=17)F’=2 m=0|uy[(J=7,1=3)F=1 m=0)=-—
o= =1
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= Calculatingthe((J' = % | = %)F =1, m|m|(= % | = %)F =1, m) matrix elements

1

f111[mp_, g_, m]:=threedcoeff [1, mp, q, 1, m] x
A

m Calculations

f11111, 0, 1]
1
243
£111[0, -1, 1]
1
2+/3
f111[1, 1, 0]

1
243

f111[0, 0, 0]

RN IR NI TN N PR N

(&N
Il

P T e
—_ ==
o
1l
|-
N
N w N N w N w

P —
-
|
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17

‘[

True



