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Abstract

A generic feature of cardiac muscle is that the duration of an action potential depends on the long-term history of previous
action potentials, known as cardiac ‘memory’. Even though memory is known to be an important physiological response,
there have only been limited studies of its effect on cardiac dynamics. Here, we investigate a map-based model of paced
myocardium in the presence of closed-loop feedback control. The model relates the duration of an action potential to the
preceding diastolic interval as well as the preceding action potential duration and thus has some degree of memory. We find that
the range of parameters over which control is effective can be enlarged or reduced by memory, a prediction that is independent
of the specific functional form of the map. Our work suggests that modifying the degree of memory (e.g., pharmacological
agents) with some form of feedback control may be an effective strategy for the maintenance of normal cardiac function.
© 2004 Elsevier B.V. All rights reserved.

PACS:87.19.Hh; 87.10+e; 05.45-a

Keywords:Alternans; Control of alternans; Mapping model; Memory

1. Introduction experimental studies is to investigate the mechanisms

causing alternans and to terminate this response pat-

Sudden cardiac death, primarily caused by ventric- tern using closed-loop feedback methods developed by

ular arrhythmias, is a major public health problem: it the nonlinear dynamics community. Suppressing such
is one of the leading causes of mortality in the west- alternans may then prevent the onset of fibrillation
ern world. A possible precursor of some arrhythmias [3].
is the beat-to-beat variation of the cardiac electrical  Over the last few years, several studies have demon-
excitation occurring at fast heart rafds2]. This vari- strated that alternans can be suppressed with dynamic
ation appears as a sequence of long-short-long-shortfeedback control of the pacing intenjd-8]. Control
cycles (termed alternans) in important physiological of alternans in the conduction time across the atrioven-
characteristics such as action potential duration (APD) tricular (AV) node has been demonstrated in both in
and conduction time. A focus of recent theoretical and vitro rabbit heartd5] and in vivo human hearts].

The observed AV-nodal alternans are known to be well
" Corresponding author. Fax:1-9196602525. described by a one-dimensional map-based mathemat-
E-mail addresslena@phy.duke.edu (E.G. Tolkacheva). ical model[8]. The model can be used to predict the
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range of control parameters that stabilize the desired A, 11 = f(Dy), (1)
response patterns.

Recently, Hall and Gauthidd] demonstrated suc-
cessful control of cardiac muscle alternans in small
pieces of in vitro paced bullfrog cardiac muscle. Un-

derstanding how to control muscle is important be- >“* _ : _
cause it is the primary substrate for fibrillation. It was €licits an action potential of equal duration) for long

expected to be more difficult to control cardiac mus- Pacing intervals (slow pacing rate). As the pacing in-
cle alternans because past research suggests that muderval decreases (faster pacing), the 1:1 response be-

cle dynamics is more complicated than AV-nodal dy- COmMes unstable and a transition to alternans (2:2 re-
namics. In particular, several experimental and theo- SPONSe) occursFor the 1:1 and 2:2 responses consid-

retical studie§9—18]indicate that higher-dimensional ~ €red herein, the pacing relation between APD and DI
behavior (so-called cardiac memory effects) is present IS Dn = B — A,, whereB is the basic pacing interval.
in all cardiac tissue to some degree and thus has to be For this simple model, the transition from 1:1 to 2:2

taken into account in order to correctly predict the on- Pehavior shown in th&ig. lacan be understood by

set and control of alternans. In general, the presenceinvestigating the restitution properties of the cardiac

of memory means that the APD depends not only on membrane. Specifically, to predict the pacing rates at

the preceding diastolic interval (DI) but also on the which the 1:1 response is stable, one constructs the

previous history of the paced cardiac tissue. The effect réstitution curve (RC) by plotting APD as a functibn

of memory seems to be a generic feature of cardiac ©f the preceding DI, as iRq. (1) Nolasco and Dahlen

muscle since it has been reported for humd®é and [20] proposed that the transition to alternans occurs

different types of animals including pig&2], rabbits when the slope of the RC is equal to unity. However,

[13], dogs[14—17]} and frogs[4]. recent studie$4,9,22—24]have shown that the slope
The primary purpose of this paper is to investigate of the RC at the onset of alternans can be significantly

the effect of memory on control of cardiac alternans. 'arger than unity and thus this criterion fails to pre-

Specifically, we analyze a map-based model of paced dict the existence of alternans in some cases. Later in

cardiac muscle that contains some degree of mem-the paper, we analyze the map (1), independently of

ory in the presence of closed-loop feedback control. the specific form of the functioh in the presence of

We find that the domain of control can encompass closed-loop feedback control.

large or small feedback gains depending on the amount

of memory. Our results demonstrate that memory ef- 2.2. Mapping model with memory

fects can enhance the effectiveness of control under

the appropriate conditions. This may lead eventually  In contrast to the memoryless model (1), a cardiac

to the development of methods for in vivo control of mapping model of the form

whole-heart functions.

where A, 11 is the APD generated by the ¢ 1)th
stimulus, andD,, is thenth DI. We illustrate a typi-

cal bifurcation diagram irFig. 1a Note that the tis-
sue has a stable 1:1 response pattern (every stimulus

An+1 = F(Am Dn) (2)

has some amount of memory because it relates the du-
ration of the next action potential both to the previous
DI and to the previous APD, i.e., the history of the dy-
namical system. The general form of this model was

) _ first introduced by Otani and Gilmo(it5] to explain
To set the stage for understanding the behavior of

the higher-dimensional model, we first consider a sim- ———— . .
Note that the magnitude of the alternans presenteléign 1a

plgr one-dllmensmnall mgp that contains no memory. g considerably larger than the magnitude observed in most exper-
This mapping model is given bj0,21] iments.

2. Mapping models with and without memory

2.1. Mapping model without memory
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Fig. 1. Bifurcation diagrams showing existence of alternans for (a) the memoryless mapping model (1) and (b) the mapping model
(2) with memory. Arrows indicate the points where slopes are determined. Dashed lines show unstable 1:1 response. For (a)
f(D,) = A1 — Az exp(—D,, /1), where A; = 392 ms, A, = 5253 ms, andr = 40 ms[4]. For the mapping model (2), a specific form of

the functionF is taken from Refs[24,25] where all parameters have their typical values exeggjen= 50 ms.

empirical observations from paced dog cardiac Purk- they differ substantially when there is large memory.

inje fibers. More recently, a specific form &f was A typical bifurcation diagram showing alternans in the

derived analytically[25] from a three-current ionic  mapping model (2) is presented kig. 1 where the

model[26]. slopes of the RCs are different and do not equal unity
Our analysis of the model (2) shows that it dis- at the onset of alternans.

plays rate-dependent restitution so that there exist two

primary types of RCs (the dynamic and S1-S2 RCs),

which can be measured independently using different 3. Control of alternans in the mapping models

pacing protocolg24]. In the dynamic pacing proto- ~ With and without memory

col, the pacing intervaB; is held fixed until the tis-

sue reaches equilibrium, and then progressively short- We now consider the control of alternans in both

ened. This yields pairs of steady-state valu&s D*) models (1) and (2). To suppress alternans and stabilize

for eachB;. In the S1-S2 pacing protocph prema- ~ the 1:1 pattern, we adjust the pacing period by an

ture stimulus (“S2”) is delivered at an intervgy after amount given by

E)ac,i’ng.the.tissue Wij[h gsufficiently large number of by = —Y(Ap_1— An_2), )

S1” stimuli at a pacing intervaB; so that the tissue

reaches equilibrium. The S1-S2 RC is determined by wherey is the feedback gain, following the technidue

measuring the resulting APD for various coupling in- described in Refi4]. Control is initiated by adjusting

tervalsBy. Experimental studies have shown that the the basic pacing interva by ¢,,.

S1-S2 and dynamic RCs differ significantly, and have

different slopes (denoted &g, andSyyn, respectively). 3.1. Control of alternans in the mapping model

This is consistent with the predictions of the mapping without memory

model (2). The transition to alternans is governed by

the combination of the slope&jyn and S;2, so that Applying the control technique to the mapping
alternans can exist when model (1) yields
S
Fll=[1-S12— —=| > 1, 3)  Ani= f(DulAn. en)). )
den

where F’ is the full derivative ofF with respect to Note that the domaln of control for the prop_osed tech_mque is
not greatly affected if you can only shorten the inter-beat interval.

An, evaluated at a fixed poirie4]. Note thatS1> = In fact, the domain of control actually applies to more highly
Sdyn When there is no memory in the model, and that unstable statef27,28}
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where D, (A,, €,) = B + &, — A,,. The linearization vary) in one of three wayst = 1, A = —1, or it and
of Eqg. (5)in a neighborhood of the fixed point (when its complex conjugate have unit modulus. Substitut-

A, = A* andg, = 0) is ing A = %1 into Eq. (9) yields the first and second
df D, boundaries. For the third boundary, we consider the
App1=A%+ <dD A ) (A, — A" general form of a cubic polynomial with roots"é
n e 2. for €0, 27) andacR:
+ (%%) ens (6) 23— (2cosp + a)A? + (1 + 20 cosp)r — o = 0.
n 0&n f.p. (10)
where f.p. denotes evaluation at the fixed point. We
define By equating the coefficients digs. (9) and (10and
df oD, solving for y as a function ofu, we obtain the third
W= <an 8A,,> L (7) boundary. The three curves that bound the region
P where control is successful are
Since the controlled pacing relationfis, = B+¢, — 145
A,, thendaD, /0A, = —1, and thus ¢/dD, = —pu. w=1 y = o
SincedD, /de, = 1, then the third term ifEq. (6)is H*
(df/dD, (0D /Ben)lt p. = — 1. ,olon—VaA-wita (11)
We rewriteEgs. (4) and (6)n matrix form as 21
Spat w —yu O Sn as shown irkig. 2a Condition (11) defines the domain
0 -1 o 1 P ®) of control for the mapping model (1). Note that the do-
n+1 n s . . .
main doesot depend on the specific functional form
Upt1 1 0 0 oy,

of f, but only on the value of its derivatiye evaluated
wheres, = A, — A*, 6, = &,/y, anda,, = §,_1. at the fixed point. Alternans may exist in the uncon-
Control is successful when the eigenvalue€qf (8) trolled mapping model (1) whem < —1. The domain
fall within the unit circle in the complex plane. To of control indicates the values of the gaitthat should
find the boundaries of the parameter region where this be used to establish control of alternans for different
occurs, we note that the characteristic equation for the values of the Floquet multipligr, which describes the
eigenvalues. of Eq. (8)is stability of the map in the absence of control. Note that
the gain necessary to establish control in the region
where alternans exist in the absence of control is small
wheres = uy. SinceEq. (9) has real coefficients, (0 < y < +/2— 1). This is in contradiction with the
an eigenvalue can exit the unit circle (asand o experimental observations presented in [Rgfwhere

A — a2 —or+0=0, (9)

1.5 1.5
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unstable
0.5 0.5
o
0.0- ————— - CD 0.04
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Fig. 2. Domains of control of alternans (shaded region) for (a) the memoryless model (1) and (b) the model with memory (2). Solid (dashed)
horizontal lines represent stable (unstable) regions of the uncontrolled systems. Alternans may exist in the absence of control-wihen
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successful control of alternans in small pieces of paced The only difference between the matrices describing
bullfrog ventricles was demonstrated. It was shown the controlled dynamics for the maps with and without
there that the feedback gajncan be as large as 4. memory is the term containing the control gainin

the memoryless mapping model (1), the magnitude
3.2. Control of alternans in the mapping model with  of perturbation sensitivity is proportional to the full

memory derivativeu, whereas it is proportional to the slofge
of the S1-S2 RC in the mapping model with memory
We perform a similar analysis on the mapping (2). When there is no memon§i2 = —u, whereas
model (2) with memory. In the presence of control, they can differ substantially when memory is present.
Eq. (2)becomes To find the boundaries of the parameter region

where control is successful, we again use that the char-
acteristic equation for the eigenvalugsf Eq. (15)
Linearizing Eq. (12)in a neighborhood of the fixed is Eq. (9) but witho = —yS1,. The three curves that
point, we find that bound the region where control is successful are

Apyr1 = F(Ay, Dy(Ap, &1)). (12)

- =1
8”, M - 17 J/SlZ - 2(:“’ + 1)7

" a3  VS2= —30—p- \/m)' (10)

Similar to the previous model, the domain of control

App1= A"+ F'(A, — A") + OF 3Dy
aD, e,

where (16) does not depend on the specific form of the func-
F = < oF + oF aDn) . tion F. We only need to know the values of the full
0A, 3Dy 0An ) |5 . derivativeu and the slope of the S1-S2 R, (evalu-
We define ated at the fixed point) to determine whether it is pos-
sible to establish contrakig. 2bdepicts the domain of
w=F and = S12. (14) control for the one-dimensional mapping model with
nif.p. memory (2) according to conditions (16). It can be
As in Eq. (7) we again defing. as a derivative oF, seen fromFig. 2bthat the value of/S2 necessary to

evaluated at the fixed point. As seen fr&u. (3) the establish control for this region is relatively small40
condition for the existence of alternans in the absence ¥S12 < v/2 — 1). However, the actual control gajn

of control is given by < —1. The stability of the 1:1 ~ can be larger or smaller than this range depending on
response pattern under closed-loop feedback controlthe value ofS;; and thus on the amount of memory.
depends on botlx and S;». Each plays a particular ~ Note thatEq. (16) representing the domain of con-
role in the stability of the controlled steady state. The trol for the mapping model (2) becomésy. (11)if
value of . dictates the stability of the uncontrolled Wwe takeSi2 = —u. In this case, the domain of con-
steady-state response of the tissue; wheBashar- trol displayed inFig. 2bcan be represented using the
acterizes the immediate response of the tissue to smallsame axes as iRig. 23 and both domains of control
perturbations, as was shown in R§#4]. Note that would be equal. Our predictions are consistent with

w and S, are related through the relationship = our earlier expectations th& influences the effects
(0F/3A,)|f.p. — S12- of control since it quantifies the response of the tissue
We can rewrite expressions (4) and (13) in matrix (in equilibrium) to a sudden perturbation, which the

form, using the same local variables as5g. (8) controller attempts to cancel.

Stable 1:1 behavior is expected in the regieh <
u < 1 in the absence of control. The presence of
Ot | =1 -1 0 1|6 ]- (15) control can, however, destabilize the 1:1 state as can
Upt1 1 0O O ay be seen fronkrig. 2 The advantage of applying control

Snt1 mo ySi2 0\ (6
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when the 1:1 state is stable was discussed in [R&f.
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is a function of the two preceding DIs as well as

where successful control of alternans in small pieces the preceding APD. The dynamic properties of these

of bullfrog muscles was demonstrated.
Comparing our predictions to experiments is not

two models can be completely different depending
on the parameter values considered. In particular, a

possible at this time because no experiments have mea-‘'short-term” memory mapping model may exhibit

sured the slope of the S1-S2 R€aluated at the fixed
point3 Most of the experiments (see, for instance,
Refs.[16,17) used S1-S2 pacing protocol in which
the “S1” interval was either fixed or set to only a few
different values. Instead, to obtain the domain of con-
trol, we need to know the slope of the S1-S2 Bgat
each point on the dynamic RC (i.e., for different S1).

The valueS;» can be greater or less than one, depend-

ing on the specific form of or the specific type of
tissue. For exampleSg» > 1 for the functiorF used to
generate the plot shown Fig. 1b Hence, the control
gainy must be less than/(2 — 1) to be in the region
where control is effective. However, preliminary, ex-
periments with bullfrog cardiac muscle indicates that
S12 can be relatively small (less than 0.4 and as small
as 0.05) at the onset of alternaj9] and thus the
control gain could be large.

4. Discussion

Thus, the experimentally measured domain of con-
trol may be consistent with the predictions of the con-
trolled map with memory (2) iS5 is truly less than
one in bullfrog. The map without memory (1) does
not agree with experiments as demonstratefiigy2a
and as noted previously in Ré¢d]. Our analysis is the
first to suggest that memory effects may substantially
enlarge the domain of control, regulated $j.

A limitation of our analysis is that we studied the
simplest type of cardiac mapping models with mem-
ory (so-called “short-term” memory) in which the
APD depends on both the previous APD and previous
DI. However, some studies indicate that “long-term”
memory effects are present in real cardiac tigdrg
that might be described using a “long-term” mem-
ory mapping mode[9,18]. In this model, the APD

3 We note that a pacing protocol has been suggested inR&f.
for easily determiningSuyn, Si2, and F’ (evaluated at the fixed
points) in experiments.

three different RCs, whereas “long-term” memory
mapping model may display four RCs. The condition
for alternans and its control in a “long-term” mapping
model of the form 019,18] are considered ifB0].

Future experiments are needed to determine what
specific form of memory the different types of cardiac
tissue display and thus what type of mapping models
would describe their dynamics. Nevertheless, our re-
sults indicate the importance of memory in the control
of alternans.
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