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Restitution in mapping models with an arbitrary amount of memory
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Restitution, the characteristic shortening of action potential durd#¢tD) with increased heart

rate, has been studied extensively because of its purported link to the onset of fibrillation. Restitu-
tion is often represented in the form of mapping models where APD is a function of previous
diastolic intervalgDls) and/or APDsA,,1=F(D,,,A,,Dp-1,An-1, ...), whereA,, is the APD fol-

lowing a DI given byD,,. The number of variables previousy determines the degree of memory

in the mapping model. Recent experiments have shown that mapping models should contain at least
three variablesD,,,A,,D,.-1) to reproduce a restitution portrdiRP) that is qualitatively similar to

that seen experimentally, where the RP shows three different types of restitution ¢B@gs
[dynamic, S1-S2, and constant-basic cycle leriBBL)] simultaneously. However, an interpreta-

tion of the different RCs has only been presented in detail for mapping models of one and two
variables. Here we present an analysis of the different RCs in the RP for mapping models with an

arbitrary amount of memory. We determine the number of variables necessary to represent the
different RCs in the RP. We also present a graphical visualization of these RCs. Our analysis reveals
that the dynamic and S1-S2 RCs reside on two-dimensional surfaces, and therefore provide limited
information for mapping models with more than two variables. However, constant-BCL restitution

is a feature of the RP that depends on higher dimensions and can possibly be used to determine a

lower bound on the dimensionality of cardiac dynamics2@5 American Institute of Physics

[DOI: 10.1063/1.1876912

Mathematical models that describe cardiac dynamics are
important tools in understanding lethal cardiac arrhyth-
mias, such as ventricular fibrillation. One approach to
modeling is to attempt to reproduce the physiological
ionic fluxes and changes in concentration across the cell
membrane. However, analysis of such multidimensional
models is very difficult. In contrast, mapping models,
which relate the duration of the action potential (APD) to
a number of previous diastolic intervals (DIs) and/or
APDs, lend themselves to analysis. In fact, much of the
practical theory regarding the onset of instability of heart
rhythms is based on analysis of the most simple mapping
where APD is a function of only the previous DI. This
relationship between APD and preceding DI is measured
experimentally using various pacing protocols, yielding
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so-called restitution curves (RCs). Recent experiments
have demonstrated that the most simple mapping model
is inadequate to describe the different RCs, and that
memory (dependence on more previous APDs/DIs) must
be included in mapping models. However, it is not well
understood how to interpret different experimental RCs
for mapping models with higher degrees of memory. In
this paper, we examine mapping models with an arbi-
trary amount of memory to interpret the different RCs
measured experimentally and to derive expressions for
their slopes. We use a graphical visualization to aid in this
presentation. Our analysis demonstrates the limitations
and advantages of existing protocols and RCs, which may
be useful in the design of new protocols that take into
account the multidimensional nature of memory in car-
diac tissue.

© 2005 American Institute of Physics
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I. INTRODUCTION

plified ionic model*? The short-term memory included in
Sudden cardiac death, usually due to ventricular fibrillathese models allows them to reproduce experimental obser-

tion, claims the lives of as many as 400 000 people each yegjtions, such as rate dependence, that are not produced by

in the United States alone. In order to understand the causge memoryless mapping modé).

of ventricular fibrillation, as well as other cardiac arrhyth- Given the fact that a three-variable model of the fd&n

mias, the dynamical properties of the heart have been studigdproduces important cardiac behaviors, it is important to

using matherr13at|cal models of various forms. For exampleyngerstand the physical significance of the experimentally

ionic model$™ attempt to reproduce cardiac dynamics by measured RCs for such a memory model. An interpretation

characterizing the concentration differences and ionic fluxegs gifferent RCs was presented previodsigr a two-variable
across the cardiac cell membrane as determined by expetiodel of the form

mental data. These multidimensional models are fairly com-
plex, often with more than 20 state variables, which makes Anv1= F(Dn,Ay), ©)

analysis of such models difficult. shedding light on the origins of rate-dependent restitution.
Another approach is to examine cardiac dynamical bexowever, extension of that analysis for a three-variable
havior, rather than individual ionic processes. One such bemgdel is not transparent. Moreover, although the mapping
havior that has been studied extensively is restitution, thenggel (2) produced an RP that was qualitatively similar to
characteristic shortening of action potential durati®®D)  experiments, quantitative agreement was not obtained. In ad-
with ingreased heart rate. |5n pioneering work by Nolasco andjition, the three-variable model breaks down in trying to
Dahlen and Guevarat al,” restitution was described as a predict the onset of alternans. Therefore, higher-dimensional
one-dimensional mapping model models with even more memory variables may be required in
A...=F(D,) (1) order to obtain quantitative agreement_ with the RP apd to
n+l n predict alternans. Thus, an understanding of the meaning of
whereA,,,, is the APD following a diastolic intervagDl) D,.  different RCs for models with greater amounts of memory
While analysis of this simple model yields much insight (i.e., more than two variablgss necessary to design useful
into possible mechanisms for abnormal cardiac rhythms, regpacing protocols and to continue to use restitution as a tool
titution has proved to be more complex than originally pro-for analyzing cardiac dynamics.
posed. For example, it has been shown that the functional Here, we examine restitution for mapping models with
relationship given in(1), known as the restitution curve anarbitrary amount of memory, i.e., any model that can be
(RC), depends on the pacing protocol used to obtaf{ @  represented in the general form
phenomenon known as rate-dependent restitution. Experi- Aoy =F(DuALD, 1A 1D ...) )
mentally, two pacing protocols are commonly used to inves-
tigate cardiac restitution, the dynamic and the S1-S2. ReFherefore, this analysis applies to the one-, two-, and three-
cently, a new protocol was introduced that measures the lesyariable models already mentioned, as well as to any future
known constant-BCI(CB) RC (Ref. 8 (see Sec. Il for more models with more memory variables that may emerge. This
detail regarding the CB RCIt was shown that these RCs analysis is performed in the context of the RP and therefore
describe different aspects of cardiac dynamics: the steadjocuses on the 1:1 regime of possible responses. First, we
state response, responses to perturbations, and transient @gscribe the components of the RP as they apply to models
sponses. Moreover, it was shown that simultaneous measuref the form(4). Next, we interpret each of the various RCs in
ment of all RCs at each basic cycle lendBCL) allows terms of these higher-dimensional models. Finally, we
more complete characterization of cardiac dynamics and pogresent a graphical visualization of the RCs for such models,
sible prediction of the onset of instability. and a specific example of this visualization for a model of
The new protocol, called thegerturbed downsweep pro- the form(2). We find that, in addition to aiding in the com-
tocol, was implemented experimentally in a bullfrog heartprehension of restitution for complex mapping models, our
preparatior?. The resulting responses were plotted ireati-  analysis demonstrates the limitations of the commonly used
tution portrait (RP), which simultaneously displays several dynamic and S1-S2 protocols and uncovers the potential ad-
RC segments at each BCL, as well as transient responsegntages of measuring CB restitution.
instead of only a single RC. Analysis of the experimental RP
revealed that a mapping model of the foth) cannot repro- Il THE RESTITUTION PORTRAIT
duce many features of the experimental RP. However, a map-

_ dol of the f The analysis in this paper is presented in the context of
ping model of the form

the RP, which simultaneously shows a dynamic RC, seg-
) ments of S1-S2 RCs, and CB transient responses. To pro-

duce an RP, stimuli are applied according to the perturbed
exhibits an RP that is qualitatively similar to that seen ex-downsweep protocol and APD is plotted as a function of
perimentally. The mapping model of the for(®) is consid-  previous DI for all responses. An example of an RP is shown
ered to have short-term memory in that the response depends Fig. 1. The details of the perturbed downsweep protocol
on the pacing historya number of previous DIs and/or and the RP have been described in detail previouBlyefly,
APDs). Mapping models of the fornt2) have been formu- in this protocol, BCL is decreased in a downsweep. At each
lated to phenomenologically represent mem8ifand have BCL in the downsweep, once steady state is achieved, per-
also been derived as an asymptotic approximation of a simturbations are applied at BCLsrand at BCL-6 before de-

An+l = F(DnvAm Dn—l)
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> - g¥-sz e figure. The BCLs are shown above the action potentials.
350 el ’ + Perturbations
” ’ - CB-D responses
&%L— BCL =400 ms | —>— CB-S responses .
300 model of the form(3), all CB transient responsé€B-D and
100 200 300 400 500 . . .
D, (ms) CB-9 fall on a single curve, which was defined as the CB

RC2 However, for models with higher degrees of memory,
FIG. 1. An RP produced by iteration of the mappit44) given in the  CB responses do not fall on a single curve, as shown in Figs.
Appendix. BCL was decreased from 1100 to 400 ms in 100 ms incrementsi and 2}3 Therefore. in this paper the responses to constant

At each BCL, perturbations were applied at BCL+40 ms. CB-S responses _ . B . .
do not fall on a single line. The line drawn through the CB-S responsespacmg are referred to as “CB transients,” rather than a CB

which is a least-squares fit to the responses, emphasizes that the CB RC.
sponses do not fall on the S1-S2 RC segment. This can be seen more clearly

in a close-up for a single BCL in Fig. 2. lIl. RESTITUTION CURVES
FOR HIGHER-DIMENSIONAL MODELS

creasing the BCL for the next step in the downsweep. In  For the following analysis, we consider mapping models
between the 2 perturbations, pacing resumes at the curreiit which APD is described as a function of a number of
BCL until the response returns to steady state. previous sequential DIs and/or APDs in the fo(#), where
Figure 2 shows the details of the RP for a single BCL inA,+D,=By, as depicted in Fig. 3. In this paper, the degree of
the downsweep. As shown in this figure, in applying thememory is determined by the number of variables in the
protocol, two different RCs are produced, the dynamic andargument forF. The one-variable modé\,.,;=F(D,) is con-
the S1-S2. The dynamic RC describes steady-state responsidered a memoryless model, whereas the two-variable
over all BCLs. In Fig. 2, the steady-state response, alstodelA,.;=F(D,,A,) has one degree of memory. We refer
known as the fixed point, corresponds to the intersection ofo arguments involving either a DI or an APD as “D vari-
the RCs. The S1-S2 RC segment shows responses to tables” and “A variables,” respectively.
perturbations. Note that the S1-S2 RC segment in the RP
represents only a portion of a conventional S1-S2 RC around. The dynamic restitution curve

the fixed point(the point where the perturbation is equal to To examine the dynamic RC, we use the fact that the

zerg. dynamic RC consists of the steady-state responses over all

The CB transients are a feature of the RP that have Onl)éCLs At steady state. the following conditions aoplv:
been described in detail for the two-variable model of the ) y ’ 9 PRy

form (3). Here, we clarify their meaning for mapping models D,=D,.1=Dp5=--- =Dx, (5)
with more memory. The CB transient responses are all re-
sponses that occur while pacing at a constant BCL. In par- A=A =A =A== A, (6)

ticular for the RP, CB-D responses are those that occur after
a sustained change in BQEig. 2, filled circles. The CB-S where A. and D. represent the steady-state values of APD

responses are the transient responses after each of the per@fd DI. By substituting the variablds. andA. into (4), we

bations is appliedopen circleg For a two-variable mapping Can write
A« = F(D+,A«,D+,A,Ds, ...) =¥ (D+,A). (7)
350 - 7 Equation(7) is an implicit expression for the dynamic RC.
- . E The steady-state values @f. and A. for any BCL B are
© % 4 determined by solving7) for D. and A« with the condition
330f D.=B-A.. Therefore, for the dynamic RC, a higher-
2 456 dimensional mapping can be reduced to a two-dimensional
~ function .
<" 310 In the RP, the dynamic RC is obtained by plottiAgas
i : == gpameG a function ofD-. Therefore, the slope of the dynamic RC at
. ' . Perturbations any fixed point is given as
’, . responses
290 ' —o— CB-S responses
L A aF
20 40 60 80 100 120 140 Syn= —| = —| . (8)
D, (ms) D« [y D [

FIG. 2. Details of the RP shown in Fig. 1 for a single BGBCL

=400 m3.

where fp denotes evaluation at the fixed point. The right-
hand side of(8) results from the fact thaf.=A,,;=F. By
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| Bxs (Dg,Ag) form the S1-S2-RC segments in the RP, where

...l B | B |
,\ l\ Do=DP+ 6. The responsé, can be determined from the
AB\ DB | AB\ DB | AB D, | A, mapping(4), by noting the following:
v I An—2 I Dn—2 I An—1 I Dn—1 I An I Dn I An+1 I AN+1: A52’ (11)

FIG. 4. Responses during the application of a perturbation to determine the D,=Dg, (12
S1-S2 RC. All variables previous to,[@re at the steady-state for the BCL
B. The S2 response is given P, As).

A=A =A = =A, (13)

differentiating (4) with respect toD. by the chain rule, we Di-a=Dieg = - =D, 4

obtain A.=B-D., (15
A _

oF _ OF Dy, F 0AyoA%  OF Dny D. = DE. (16

dDx 0D, D« A, 0A. D% D, q ID«
Equations(13)—(16) result from the fact that the S2
IF A1 IA*® . . .

— St e (9 stimulus is applied after steady state has been reached, and
IPn-y IA- ID* therefore all variables previous to the first variaty,) are

where the expression extends for all variables in the modeRt steady state. Note that {#6), D? is considered a constant
Note that the partial derivatives of the D variables and the Aequal to the steady-state DI for that BCL. To signify that it is
variables with respect tB. andA., respectively, are equal to & constant, it is written in a roman typeface, rather than in
one by(5) and(6). Therefore, by rearranging terms and solv- italics. Therefore, the S1-S2 RC is given by substituting
ing for 9A./ 3D+, we obtain the following expression for the €quations11)—(16) into (4),

slope of the dynamic RC: Ag = F(Dg,B - Ds,D:,B-Ds,Dx, ---)|D*ED*B

D,=DB- (17)

Thus, for a given BCLB, the S1-S2 RC is given by the

(10 functionQ, and depends only on the first D variable and the
where the numerator is the sum of all partial derivatives of Stéady-state DI, regardless of the number of memory vari-
with respect to the D variables, and the expression enclosed!es in the mapping model. _ _ _
in parentheses in the denominator is the sum of the partial " the RP, the S1-S2 RC is obtained by plotting the pairs
derivatives ofF with respect to the A variables in the model. (Ps2:As), with Dg, as the independent variable. Therefore,
For a one-variable model, there is only one RC, regardless df€ slope of the S1-S2 RC at the fixed point is given by
the protocol, and therefor&, ,=dF/dD,, as expected. For A JF
two- and three-variable models, the expressions 3gf, Si2= Do = Dl
given previousl§** are special cases 6£0). 21 21

Thus, the dynamic RC can be expressed in terms of onlywhere the right-hand side @18 results from the fact that
two variables A. andD., which are determined from all of Ag=A,.1=F. By differentiating(4) with respect tdDg, we
the variables in the mapping. In this sense, the explicit funcobtain
.tior?a'l dependence of thg dynamic 'R.’C on any one of the JF OF D, OF oA, OF D, 4
individual memory terms is lost. Additionally, the slofg, =— +— +
for the mapping modef4) has a form given by10) regard- Dg DydDy A dDs Dpy De

5 = (F19Dy + 9F1dD_g + OFIDy o+ -+ )|gy = (U(Dg,D-)
71— (FIaA,+ IFI0A, 1+ FI AL+ )

(18

less of the amount of memory in the model and depends on OF A1

the derivatives of with respect to all of the A and D vari- A D (19
ables in the model. Hence&,y,, depends on the degree of M

memory in the model. Note thatdD,/dDg=1, while the partial derivatives of

all previous A and D variables with respectig, are equal
to zero because they do not dependdg. Therefore, the
slope of the S1-S2 RC for a mapping model with an arbi-

As a result of rate-dependent restitution, the S1-S2 Rdrary number of memory variables is given by
depends on the S1-S1 BCL used to generate it. Figure 4 JF
shows the stimuli and responses obtained during a part of the Si2= ——| -
perturbed downsweep protocol when a perturbation is ap- P
plied for a particular BCLB. We note that in the perturbed The slope of the S1-S2 RC is determined by Ef)
downsweep protocdbr a conventional S1-S2 protogolhe  regardless of the number of A and D variables in the map-
perturbation(S2 stimulug is applied after the response has ping model(4), and thus does not depend on the amount of
reached steady state & with the steady-state response memory in the model. However, the values of the S1-S2 RC
given by (D2,AB). The responses to the perturbationsdo depend on the amount of memory in the model, because

B. The S1-S2 restitution curve

(20)
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the steady-state values of APD and DI for a given BCL de-ables in the model. In the RR,,,; is plotted versu®,,. For
pend on all of the A and D variables in the model as de-models with one D variable, such as those considered by
scribed in Sec. Il A. Tolkachevaet al®'® and Gilmour and collaboratof8?* all

In some ionic models, such as the Beeler—Reuter an@B responses will fall on the curve given By,.,=®(D,).
Luo—Rudy phase 1 modelS;, has been shown to predict the For models with more than one D variable of memory, such
onset of instability>® Presumably, this is because there isas that considered by Chialet al’® and Foxet al,?* the
litle memory present in such models. For the memorylessesponses will not fall necessarily on a single curve in the RP
mapping model given byl), the criterion for stability of the due to the dependency df on previous D variables.
1:1 response predicts that alternans will occur when Whereas the RCs described previously in Secs. Il A and
|F’(Dn)|>1.5 Thus, according td20), S;, can be used to Il B are given by exact expressions, the sequence of CB
assess stability for memoryless models. Incident&ljy,and  responses is only determined by iterating the model. How-
S;» will be equivalent for memoryless models because theever, insight into the expected dynamics can be gained by

RC obtained will be the same for any pacing protocol. determining the eigenvalues and eigenvectors of the mapping
®. Eigenvalues and eigenvectors can be determined by first
C. Transient CB responses linearizing around the fixed poifD+«,Ax),

The RP includes transient responses in addition to the
RCs mentioned above. These transients are obtained during

constant pacing at a BCRB either for a decrease in BCL in B
the downsweep, or for recovery from a perturbation. The full A1 =As+ (9_Dn . (D= D-) + ol (Dp-1=D-)
mappingF can be reduced for these CB responses by noting . P
that A,+D,=B for m=n,n-1,n-2,.... Therefore, during + il (Dyyp = D) + -+ (22)
pacing at a constant BCB, the following holds: D | 1 " ’
An+1 = F(Dnv B- Dna Dn—]_, B- Dn_]_, Dn_2, . )
where fp denotes evaluation at the fixed point. Rewritin
= (D(DnaDn—]_aDn—Zy )1 (21) p p g

(22) in terms of deviations from the fixed poid=D,— D,
i.e., during constant pacing\,;; depends only on the D vari- we obtain

Sl = 0D/l — IPIDyly, — IP/IDp gl 5,
6 1 0 0 e Sn-
n — n-1 . (23)
Sn-1 0 1 0 Sn-2
|
In (23), the square matrix i81X m, wheremis the number of The behavior of the CB responses for a given BCL is

D variables in the mapping model. The first row of this ma-governed by the eigenvalues and eigenvectors of the square
trix consists of the partial derivatives @ with respect to ~ Matrixin Eq.(23) and is illustrated by example in Sec. IV C.
each of the D variablevith a negative sigh The remaining  This example will show that the dynamics of the mapping

rows are zeros with the exception of the lower off-diagonaimode! (4) depends om, the number of D variablegand

elements which have a value of 1. Eigenvalues and eigenqigenvalue)sin the model. In particularm determines the

vectors of this matrix can be determined by standard eigenq'menS'on of the space where the CB responses reside,

system analysis. Also, due to the form of this matrix, deter—WhICh affects the appearance of the CB responses in the RP.
mination of its characteristic polynomial is straightforward.
Therefore, criteria for stability can be determined by impos-\; \/SUALIZATION

ing conditions on the eigenvalues in the characteristic poly-

nomial, as demonstrated previously for two- and three- In this section, we present a graphical visualization to
variable model§* In these previous studies, analytical demonstrate the relationship between the mapping medel
formulations for the stability criteria were expressed in termsd"d the components of the RP. We apply certain restrictions

of the RC slopes. For models with more than three variableste,0 the mapping model, such as those presented in the preced-

. . Ing sections, to allow determination of the surfaces that con-
further analysis, and possibly the development of a new pac-

. . . : tain each of the RP components. To generate the plots used in
ing protocol, will be required to determine how to relate the

. . . ” this visualization, we used a three-variable mapping model
analytical expression for stability to quantities that can beof the form(2), given as Eq(A4) in the Appendix. However
measured experimentally. ’ :

unless otherwise noted, this visualization technique can be
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= = 350 =
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FIG. 5. Visualization of the dynamic RCA) The intersection of the surfacds and.A forms the 3D-DRQlight gray tracé. Note that the surface§ and

A are at a shallow angle to one anoth@&j) The projection(black of the 3D—DRC(gra)a onto the(A,;;—D-) plane gives the conventional dynamic RC. The
vectorT is tangent to the 3D-DRC at the fixed point for the BBE400 ms.T is scaled in magnitude for viewing purposé8) The surfacel intersected
by the hatched plane defined 85), whereB=400 ms. The stars ifA) and(B) indicate the steady-state response for the BZ400 ms as determined by
this intersection. The particular form df used for this visualization is given #A5) in the Appendix.

generalized for mapping models with arbitrarily many de-normal vectors to the surfaces at that point. A normal vector

grees of memory. of the surfacel at any fixed point is the gradient of the level
surface given bysy(A«,Dx,Ani1) =V (A, Ds) = A,1=0,
A. The dynamic restitution curve ov| . .
As . . . V§,= i—k, (26)
presented in Sec. lll A, for the dynamic RC, a map A |1 D« |4,

ping F with an arbitrary number of memory variables is re- “n -
duced to an expression of 0n|y Steady_state p@;s’A*) wherei, j, andk are the unit vectors in the pOSiti\@, D,
These pairs reside on a two-dimensional surface defined b§ndAny directions, respectively. Similarly, the normal vec-
the function with A. andD. as independent variables, as tor of the surfaceA is given by

shown in Fig. 5. In this plot, the vertical axis represefts;.

The dynamic RC is then determined by noting that at steady- VA=i-k. (27)
state, the following condition holds: The cross product yielding the tangent vecToat any fixed
Ap1 = A (24)  point is then given by
A

Therefore the dynamic RC is determined by the intersection  t_yg w v 4=-
of the surfacel with the planeA defined by(24). This plane v
is outlined in black in Fig. &), and its intersection with’ is I
shown as the solid gray curve. The solid gray curve is the - .
dynamic RC in three-dimensional space, and will be abbre- dD-l4p
viated 3D-DRC. However, RCs are typically viewed in two Therefore, the vector given i28) is tangent to the 3D-DRC

dimensions, specifically in théA,,;~D,) plane. Therefore, ¢ e fixed point, as shown in Fig. 5. The projectionfof

the conventional dynamic RC is the projection of the 3D— B o " -
DRC onto the(A,,;~D,) plane, or in this case, théA,., onto the(A,;1—D+) plane is given by it§ andk components

_D.) plane[Fig. 5(b)]. Note that there is only one dynamic and yields the tangent to the dynamic RC at the desirecj fixed
RC over all BCLs. point. Therefore, the slope is given by the ratio of the

The steady-state response for a given BElis deter- component to thg component, or
mined by the pacing relation

A,=B-D,. (25) 1 - oWl oAg,
P

2 < o )
I+ -1
ID« fp OA- fp

(28)

(29)

For the axes shown in Fig. 5, the pacing relation correspondgquation(29) is equivalent to the expressidi0) for Sy,

to a plane defined by,,,;=B-D., and the steady-state re- derived earlier by the chain rule.

sponse for that BCL is given by the intersection of the 3D—  This graphical visualization demonstrates that the sur-
DRC with that plane. This intersection is shown in Figc)5  face V¥ containing the 3D-DRC can be represented in two
The stars shown on the curve in Figgasand 8b) corre-  dimensions, as a function &f. andA«. However,D. andA.

spond to this intersection. are determined from all the variables in the mapping model;
therefore the shape df, and thus the slop8&,,,, depends on
1. Graphical determination of S 4, the memory in the mapping model.

To determineS,,,,, we must find a vector that is tangent
to the dynamic RC at the fixed point. We will first determine
a vector tangent to the 3D-DRC as illustrated in Figh)5 According to(17), the S1-S2 RC for a given BCL de-
and then project that vector onto th&,,,—D-) plane. When pends only on the first D variable and the steady-state re-
two surfaces intersect to form a curve, a vector that is tangergponse, regardless of the degree of memory. To visualize
to this curve at any point is given by the cross product of thethis, the function{) can be plotted as a two-dimensional

B. The S1-S2 restitution curve
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5004 FIG. 6. Visualization of the S1-S2

: : RC.(A) The shaded surface is the sur-
face(). The outlined plane is the plane
B. The intersection of these two sur-
faces(light gray trace forms the 3D—
SRC.(B) The projection(black) of the
3D-SRC (gray) onto the (A,.1—Dp)
plane vyields the conventional S1-S2
RC. The stars indicate the value of the
S1-S2 RC whe,=DE. The specific
form of Q is given as(A7) in the
Appendix.

(vs]

Ansq (Ms)
(5]
=1

: : 0
0 = 100

D. (ms) 200 400 200 D, (ms)
Dsz (ms) * Dsz (ms) .

surface, whereDg, and D« are independent variabl¢fig.  analysis of this specific mapping, as well as a graphical vi-
6(a)]. This surface describes,,,; as a function ofDg, for  sualization, are presented here to illustrate how these CB
various steady-stat®. values. However, for a given BCL, transients are generated.

D. has a certain value as determined by the dynamic RC. For a mapping model with only two D variables, Eq.
Therefore, the S1-S2 RC is determined by intersecting th€1) is rewritten as

surface() with the planeB defined by

D. = D*B (30) An+1: (I)(DnaDn—l)- (32)

This intersectior{shown as the heavy gray curve in Fig. This mapping describes any responses to pacing, ahe
6) is the S1-S2 RC in three dimensia@-SRJ. The 3D— same BCL used to determine the fixed point indicated by the
SRC is projected onto théA,,;—Dg) plane to yield the starin Fig. 5, and used to generate the S1-S2 RC in Fig. 6.
conventional S1-S2 R{Fig. 6(b)]. Note that a different sur- Similar to the mapping® and(}, ® can also be plotted as a
face () exists for everyB, yielding a different RC for each two-dimensional surface as in Fig. 7. During constant pac-
S1-S1 pacing interval. The star shown in Fig. 6 shows théng, all responses must fall on this surface, and a different
steady-state response, wHeg,=D?, and corresponds to the surface exists for each BCL.
star in Fig. 5. For this specific mapping, the linearized equati@3)

can be rewritten as

1. Graphical determination of S 1,

The 3D-SRC is parallel to théA,;1—D,), or (A1 Oons1) _(=m —p\[ 6
—-Dg) plane. Therefore it follows that the slope of the S1-S2 s/ \1 0)/\s.,)

RC at the fixed point is given by the partial derivative(df _
in the Dg, direction, or where = d®/ D, and p= 9P/ ID,_4|s,. The eigenvalues

of the 2X 2 matrix given in Eq(33) are

(33

Z9)

= . 31

Se= ool (3D
Equation(31) is equivalent to(20) by the chain rule. Note _ r——— .
that in Fig. 6, the shape of the surfaé@dn Dg, direction, and e e an 1 O
thus the expression fd8;,, does not depend on the amount o4
of memory in the mapping modé#)). All memory is mani- 3604
fest in theD. direction, and is involved in determining APD ’g a0
values for the S1-S2 RC, but not the sldpe. ? 320 |-
C. CB transient < a0

280 -

As presented in Sec. Il C, the functich describing 260 : : 0

transient CB responses m dimensional, wherem is the 0 50 100

number of D variables in the mapping model. Therefabe, D, (ms) Dp.q (Ms)
can only be presented graphically fon<2. Here, we
present a visualization for the specific model given in theFIG. 7. Visualization of the CB responses. The shaded surface is the surface
Appendix(A4) which has two D variables. Recall that in the ®. The two planes outlined in black correspond to the two eigendirections of

’ ’ . . _the 2X 2 matrix given in(33). The intersection of each of these planes with
RP, two types of CB responses are generated. the trans'eﬂﬂ surfaced (gray curvey governs the behavior of the transient CB re-
CB response after a sustained change in RBCB-D) and  sponses. The filled black circles show the CB-D responses that occur when
the transient CB response to a perturbation in BCB-S. the BCL is changed from 500 to 400 ms. The filled white circles show

Experimentally and in the RP of Fig 1. neither of theseCB_S responses that occur after perturbations are applied at BCL £10 ms.
’ s The intersection of the two gray curves occurs at the steady-state value

typ?S of CB responses form a single curve; they bOth initiallyaB=q (D8 DB) for the BCLB=400 ms. The specific form ab is given as
oscillate before slowly reaching steady state. The eigenvalu@as) in the Appendix.
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20 360
= = Dynamic RC
S1-S2RC
40 350 o | * Perturbations
e CB-D responses
340 . - o CB-S responses K
60 ce, ’
a ,a ) 'l
E & g 330 ° i
- et ’
ot <& 320 !
100 !
310 o ’
120 il
300 J
4
14 7
290
%0 40 60 b 8(21 9 100 120 140 40 60 80 100
n Dn (ms)

FIG. 8. Eigendirections and associated eigenvalues shown in(@he
-D,.;) plane. The CB-D responsdfilled circles and CB-S responses
(open circleg are also shown in this plot, illustrating how the directions of
the two eigenvectors determine the CB responses.

FIG. 9. Superposition of projections of different RCs onto ¢Ag,;—D,)

plane. Responses to perturbations of BCL +10 ms are shown on the S1-S2
RC. The CB-D responses show the transient that occurs in decreasing the
BCL from 500 to 400 ms. The CB-S responses show the recovery from the

perturbations.
127 3(= nE N7 = 4p). (34)
For a given eigenvalu, eigenvectoN,=(vy,v,) satisfies  cally represented. For a model with only one D varialste
Cpen - v 0 =1), the expression given i21) can also be represented
( KL )( 1) —( ) (35)  graphically; however, it describes a curve, rather than a sur-
1 —\n/\v2 0 face. For models witm>2 D variables, the expression in

The eigendirections spanning these eigenvectors arf@l forms anm-dimensional hypersurface and all CB re-
shown in the(D,~D,_;) plane along with their associated SPONSes must fa_II on that hypersurface. Note that, for any
eigenvalues in Fig. 8 for the particular mapping used to genfumber of D variables, the CB responses in the RP are the
erate the surfac® in Fig. 7. Note that Fig. 8 shows a bird’s Projection of the responses onto tf#&,.,~Dy) plane.
eye view of the(D,-D,_,) plane and thereforeD,_; in-
creases in a downward direction.

An eigenvalue\ describes the decay of a perturbati®n . o
as 5,=\"5,. Therefore, eigenvalues close to 1 describe veryD' Simultaneous projection onto (A, ~Dp) plane
slow decay and eigenvalues close to zero describe fast decay. All of the surfacesV, (1, and® have the axe®, and
For the particular mapping shown here, there is a slowA,,; in common.(For the surfacesV and (), D« and Dy,
eigenvalue/vector\,=0.95 and a fast eigenvalue/vector representD,, respectively. Therefore, the 3D-DRC, 3D-
(A,=-0.29. The Appendix includes an explanation of the SRC, and transient CB responses described above can be
origins of these eigenvalues for this particular mapping. Theprojected simultaneously onto tli4,.;—D,) plane to show
(D,,,D,,_7) values for CB-D and CB-S responses are alsdhe parts of the RP for a given BC(Fig. 9). The stars in
shown in Fig. 8. The CB-D responses show this initial fastFigs. 5 and 6 show the point where the RCs intersect in this
response followed by a slow response along the direction gbrojection. This superposition of projections differs from an
the slow eigenvector. The CB-S response is dominated bRP obtained using the perturbed downsweep protocol experi-
the fast eigenvector. The response governed by the slow ementally or in iterating a modéFig. 2). This is because only
genvector gives rise to the observation of accommodatiorsegment®f these RCs around the fixed points are obtained
the slow change in APD that accompanies a change in BCLin applying the perturbed downsweep protocol. It is only
Accommodation has been observed in superi‘%%Se%j4 and these segments around the fixed point that are necessary to
perfusea5 experimental tissue preparations, in single-cell ex-evaluate the stability of the response.
perimental preparatiorf§, in clinical in-vivo human ven- This graphical visualization demonstrates how each
tricular recording§,7 and in ionic models of cardiac component of the RP represents a different section of the
membrané&®—=° Mapping models that reproduce accommo-space of variables of the mapping mo@4l. Each subspace
dation will have both fast and slow eigenvalues, while thoseof variables is projected onto th@&,,;;—D,) plane to form
models that do not reproduce accommodation will have eithe RP as shown in Fig. 9. The dynamic and S1-S2 RCs
genvalues that are more similar in magnitude. reside on two-dimensional subspaces, regardless of the de-

In Fig. 7, vertical planes associated with these twogree of memory in the mapping modd). However, the CB
eigendirections are shown as they intersect the surface transient responses reside on m@rdimensional subspace.
The(D,,D,_4) values shown in Fig. 8 are also mapped to theFrom the determination of the different subspaces presented
surface®, demonstrating how these eigendirections goverrin Secs. IV A-IV C, we see why there will be one dynamic
the behavior of the CB responses. The specific example pr&kC over all BCLs, one S1-S2 RC for each fixed point, and
sented in Fig. 7 is for a three-variable modlel=2 for the  CB responses that will not necessarily be represented by a
matrix in Eq.(23)], where the CB surfac® can be graphi- single curve for higher-dimensional mappings.
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V. DISCUSSION The results of this study may have important implica-
tions for measuring restitution in practice. Modeling and ex-

In this paper, we have interpreted experimentally meaperimental studies typically use S1-S2 and dynamic proto-
sured RCs in the framework of mapping models with arbi-cols. Our analysis shows that these two RCs reside on two-
trary degrees of memory. Although we have presented thidimensional surfaces, regardless of the dimension of the
interpretation in the context of the RP, this analysis also apmapping model. Therefore, these two common protocols
plies for typical dynamic and S1-S2 pacing protocols whercannot be used to assess whether cardiac dynamics are de-
slopes are measured around the fixed point. We used analytieribed by models with more than two variables. Moreover,
cal and graphical techniques to collapse higher-dimensionakriteria for the onset of alternans based only %5 or Siyn
mapping models to the number of variables necessary to dérave had only mixed success when applied to experimental
termine the dynamic and S1-S2 RCs and the CB transientata®®34%
responses. We have found that the slope of the dynamic RC In this regard, the CB transients, which are usually dis-
depends on the amount of memory in the model, while theegarded during dynamic and S1-S2 protocols, may prove to
slope of the S1-S2 RC does not. We also found that Cle of practical use. First, they may lead to a more reliable
responses belong to andimensional space, whereis the criterion for alternans. The first step in this direction is the
number of D variables in the model. While this work has study by Tolkachevat al, who demonstrated the importance
focused on the 1:1 regime of possible responses, it may bef CB responses for prediction of alternans in a three-
possible to extend the graphical techniques developed here t@riable modet* Specifically, this study showed that the cri-
better understand other behaviors, such as the 2:2 respongerion for alternans for a three-variable model cannot be ex-

It is important to note that in this study we assume thatpressed in terms of onlg;, and Sy, while it can for the
cardiac dynamics are described by a model of the f#m  one- and two-variable model€
Previously, models of this form were derived empirically Second, the CB responses are the only component of the
from experimental dat®:*"*° More recently, it has been RP that depends on higher-dimensional memory. Thus, they
shown that some ionic models consisting of ODEspre- may lead to a practical method of determining the dimen-
senting transmembrane voltage and channel gating varjablesionality of cardiac dynamics. For example, the sequential
can be approximated as mapping models of the f@g¥mFor ~ APD and DI data can be embedded into increasingly higher
example, it was shown that the Fenton—Karma simplifieddimensions to determine if the CB responses fall on an
ionic model can be approximated as a two-variablem-dimensional surface. We conjecture that such analysis
mapping?9 Similarly, it was shown that a new two-current would provide a means of estimating a lower bound on the
simplified ionic model that includes a concentration variabledimension of cardiac dynamics.
can be represented as a three-variable mappifigerefore, The importance of the CB responses was also seen in our
it is possible that mapping models of the fo#) with more  previous study, in which CB responses revealed that a two-
memory variables may approximate more detailed models ofariable model does not describe experimental observations
cardiac membrane, and thus reproduce experimental resudglequately. Specifically, a two-variable model predicts that
more completely. Indeed, we have found that increasing théhere is a unique CB RC for each BCL and therefore, tran-
amount of memory in the mapping model from two to threesient responses will fall on this curve. However, CB re-
variables has led to closer agreement with experimentaponses did not fall on one curve experimentally, and our
results’ Models that include even more memory may pro-analysis demonstrates the reason for it. In the mé@jelthe
vide even better agreement with experiments, especially ipossible CB responses are described by a surfads, iand
prediction of alternans. D,-1. With the dependence db,_,, the projection of the CB

We recognize that it is also quite possible that developsurface onto th€A,.,;—D,) plane will have some extent in
ment of a new type of mapping model of a different form A, for a givenD,,, and CB responses will fall within this
may accomplish this task. For example, recent studies hauextent in a manner that depends on the protocol. If there were
suggested that the appearance of alternans is related to intige dependence ob,_;, as is the case for the two-variable
cellular calcium cycling, rather than APD restitutidn’>  model, all CB responses would fall on a single curve when
While it is possible that a mapping model of the fof#)  projected in thgA,,;—D,) plane. However, with the depen-
with enough variables can include effects of intracellular cal-dence orD,,_,, the CB responses are governed by the eigen-
cium cycling, it also may be necessary or expedient to invalues and eigenvectors of the mapping for a particular BCL,
clude variables other than APDs and DIs in a mappingand do not fall on a single curve.
model. For example, such variables may include uptake and As we begin to find that cardiac dynamics cannot be
release of calcium from the sarcoplasmic reticulum as rerepresented by simple unidimensional mappings, we are
cently proposed by Shiferaet al>* For any new model, it faced with increasingly complex models. Experimentally
will be necessary to interpret the experimentally measuretheasured RCs only show such dynamics through one section
restitution curves as we have done here in order to undenf the space represented by a mapping model, i.e., the
stand the physical significance of each of the protocols use@,,;—D,) plane. Therefore, intuitive understanding of the
in practice. However, to date, no other such models hav®Cs and expected dynamical behavior becomes difficult. In
been completely developed, and therefore it is important tehis regard, this analysis of models with an arbitrary degree
understand the RCs for the most common types of mappingf memory may give rise to better experimental pacing pro-
models. tocols. These protocols will rely less on the dynamic and
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S1-S2 RCs that yield limited information about cardiac dy- Dt B-D.
namics. Instead, they will be designed to utilize the CB tran- A(Dg,D:)=|1-ae 22+ |a-1+
. . . X G(D.)
sient responses that hold valuable information regarding the
degree of memory present in the system. Xe—[(B—D*)mSZ]/TZ}G(DSZ)_ (A7)
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®(D,,Dy-q) = [1 — ae P/

APPENDIX: MODEL EQUATIONS

B —
While the results presented in this paper apply to general + (a— 1+ e0 ”))e—B/rz} G(Dn). (A8)
models of the forni{4), a specific model was used to generate o
the graphics used for illustration. The model used was develThe following are the expressions for the partial derivatives
oped by Gulrajant! and specifically formulated by Chialvo of ® with respect taD, andD,,_;, respectively,

et all® and Foxet al.,?? P o . @Bn
n= — (1—aM*)+G(DE”)(—e—D*/72— 5 ),
Ane1=(1-aM,,1)G(D,), (A1) Dn | ) G(D~)
(A9)
Mper=[1 - (1 -M,)e A/ 2]e P, (A2)
oG
where we use the form @(D,,) presented by Chialvet al., p=- . (1-aM.)eB®m, (A10)
nlfp
G(Dy) =a; — a,e Pr'™. (A3)  whereM. is defined in(A6).

Tolkacheva et al'* showed that the model given by . .
(A1)~A3), can be expressed as a three-variable mapping:i9envalues for the three-variable mapping
Based on the derivation presented therein, this three-variable The eigenvalues of a mapping model will depend on

mapping can be written as mapping model parameters. If parameters are chosen to re-
produce accommodation, there will be at least two different
F(Dp,ApDpoy) = {1 — e P24 <a_ 1+ An ) time scales, one fast and one slow. For the particular model
G(Dp-1) studied hergA1)—(A3), the memory variabléV is respon-

sible for accommaodation with a time constant on the order of
Xe_(A”+D")/TZ] G(Dp). (A4) 7, For this model, the assumption of long allows some
analysis regarding the origins of the two different time
For the simulations, we used parameters previouslscales.
given in Ref. 9 that reproduce the qualitative features of the =~ Assumption of longr, (>>BCL) allows the map equa-
experimental bullfrog heart RR;=1500 ms,a,=300 ms, tions (A1)—(A3) to be written as
7,=100 ms,a=1, and,=30 000 ms. For determination of

the S1-S2 RC and transient CB responses, a BCL of 400 ms An1 = (1= aMn)G(Dy), (AL1)
is used in the following equations where the tdBrappears. B\ A
Mn+1:Mn(1__>+_na (A12)
T2 2

Dynamic RC
- ] o whereB=A,+D,. The Jacobian of this mapping can be writ-
The specific expression used for the surfdcés given  tan in the formi=Jo+eJ; as

b
Y _(-(1-aM)G/'(Ds) -aG(D:)) 1 (o 0
W(A.,D.) = (1 - aM»)G(D.), (A5) J= 0 1 ) o\ -/
where (A13)
e D721 — g AT wheree is 1/7,, andJ, and J; are the two <2 matrices.
M. = 1 A, - (A6)  Therefore, ifr, is large(as it must be to produce accommo-
dation), the eigenvalues of are equal to the eigenvalues of
Jo plus some small correction:(3—aM.)G’(D«)+¢g, (fast
S1-S2 RC eigenvalugand 1+, (slow eigenvalug whereg; ande, are
small and can be determined by perturbation theory. There-
The expression used for the surfades given by fore, the slow eigenvalue is close to 1, independent of pa-
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rametersy, a;, a,, andr; while the fast eigenvalue depends

on all parameters. Incidentally, it can also be shown that

S,=(1-aM«)G'(D+), and therefore, the fast eigenvalue
will also be approximated by, for this particular model
under the longr, assumption.
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