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When treating interactions in quantum dots within a random-phase-approximationsRPAd-like approach,
time-reversal symmetry plays an important role as higher-order terms—the Cooper series—need to be included
when this symmetry is present. Here we consider model quantum dots in a magnetic field weak enough to leave
the dynamics of the dot chaotic, but strong enough to break time-reversal symmetry. The ground-state spin and
addition energy for dots containing 120–200 electrons are found using local spin-density-functional theory, and
we compare the corresponding distributions with those derived from an RPA-like treatment of the interactions.
The agreement between the two approaches is very good, significantly better than for analogous calculations in
the presence of time-reversal-symmetry. This demonstrates that the discrepancies between the two approaches
in the time-reversal symmetric case indeed originate from the Cooper channel, indicating that these higher-
order terms might not be properly taken into account in the spin-density-functional calculations.
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The impressive progress seen in the recent years in the
fabrication and manipulation of semiconductor quantum
dots1 has been associated with a shift in the perspective with
which these nanoscopic objects are considered. While the
focus used to be on the study of their basic properties, most
recent experiments involve them as part of a more complex
system in which they play a specific role. Some examples
include spin filtering,2 charge detection,3 or the manipulation
of quantum information.4

This stage of maturity of quantum dot physics makes it
necessary to go beyond a theoretical understanding of the
qualitative properties of these systems, and to also develop
good simulation tools which allow one to predict their be-
havior quantitatively. A natural way to proceed is to rely on
density-functional theory.5,6 More precisely, since the spin
turns out to be an essential degree of freedom, we have in
mind a spin-density-functional theory, in the local spin-
density approximationsLSDAd, where each spin density is
taken as an independent variable. The properties of relatively
small dots have been investigated in great detail7 in this
framework, and more recently this approach has been used
for significantly larger dots containing several hundreds of
electrons.8,9

In this large dot limit, and assuming chaotic dynamics
within the dots, it is expected that the fluctuations of experi-
mentally relevant quantities, such as the addition energy or
the ground-state spin, should be reliably predicted within a
Landau-Fermi-liquidpicture of the Coulomb interaction and
a model of wave functions and eigenenergies based on ran-
dom matrix theory sRMTd and random plane waves
sRPWd.10–14sBy “fluctuations” we mean the dot-to-dot varia-
tion or variation as a function of energy typically seen in
mesoscopic systems.1d We shall below refer to these predic-
tions ssomewhat inappropriatelyd as the “RPA approach”
since the Landau-Fermi-liquid picture arises from a random
phase approximationsRPAd to the screened Coulomb
interaction.10,14 Quite unexpectedly, however, for a model
chaotic quantum dot the same quantities computed with

LSDA turned out to differ from these theoretical predictions,
even at the qualitative level.8,9

This motivated us to introduce a second-order Strutinsky
approximation to the LSDA calculations;15 it was shown to
be precise enough to serve as a basis for interpreting the
LSDA results. This analysis indicated that the origin of the
discrepancies between the LSDA and RPA results arises from
two reasonsson which we shall elaborate belowd: sid an ef-
fective residual interaction which is slightly larger in LSDA;
sii d the absence in LSDA of renormalization of the Cooper
channel associated with higher-order terms in the residual
interaction. By the Cooper channel we mean the interaction
of two electrons following time-reversed paths for which,
then, multiple scattering is highly likely.16

Because the Cooper channel contribution is nonzero only
for time-reversal invariantsystems, a direct implication of
the above analysis is that the agreement between LSDA
simulation and RPA prediction should besignificantly better
in the presence of a magnetic field strong enough to break
time-reversal symmetry. By showing that this prediction ac-
tually holds, the goal of this paper is to provide an unam-
biguous demonstration of the importance of the Cooper
channel, and as a consequence, to indicate a possible limita-
tion of the density-functional approach to low-temperature
quantum dot properties.

We shall therefore compare in this paper the distribution
of addition energies and ground-state spins obtained in two
different ways. The first one corresponds to a full-fledged
LSDA calculation for a specific model quantum dot. The
second is a prediction for agenericchaotic systemsi.e., not
associated with any specific confinementd for which an RPA-
like treatment of the interaction is used.

The model quantum dot for the LSDA calculations is con-
fined by the two-dimensionals2Dd potentialfr =sx,ydg,

Uextsr d = aFx4

b
+ by4 − 2lx2y2 + gsx2y − y2xdur uG , s1d

and subjected to the uniform magnetic fieldBẑ. sWe use
effective atomic units throughout the paper, which, for GaAs
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quantum dots with effective electron massm* =0.067me and
dielectric constante=12.4, corresponds to 10.08 meV for en-
ergy and 10.95 nm for length.d Here we usea=10−4, which
for a particle number in the rangef120, 200g gives a param-
eter rs.1.4 sthe ratio between the interaction energy and
kinetic energy, formally defined asrs=1/Îpna0 for 2D bulk
systemsd. The couplingl between the two oscillators is fixed
around 0.6 so that the classical motion within the dot is in the
hard chaos regime. Finally, the parametersb andg eliminate
any discrete symmetry. We shall keepb=p /4 constant, but,
to enhance the statistical significance of the various proper-
ties studied, we will use the five setssl ,gd=hs0.53,0.2d ,
s0.565,0.2d ,s0.6,0.1d ,s0.635,0.15d ,s0.67,0.1dj.

In the spin-density-functional description, one considers a
functional of both spin densitiesfnasr d ,nbsr dg,

FKSfna,nbg = TKSfna,nbg + Etotfna,nbg, s2d

where s=a ,b corresponds to majority or minority spins,
respectively. The second term is an explicit functional of the
densities,

Etotfna,nbg ; E drnsr dUextsr d +
e2

2
E drdr 8

nsr dnsr 8d
ur − r 8u

+ Excfna,nbg, s3d

where nsr d=nasr d+nbsr d, Uextsr d is the exterior confining
potential Eq.s1d, and we use the Tanatar-Ceperley parametri-
zation of the the exchange-correlation termExcfna ,nbg sRefs.
17 and 18d.

The kinetic-energy termTKSfna ,nbg, on the other hand, is
expressed in terms of a set of auxiliary orthonormal func-
tions ci

sa,bd si =1, . . . ,Na,bd as

TKSfna,nbg = o
s=a,b

i=1,Ns

E ci
s*sr d

fp − se/cdAsr dg2

2m
ci

ssr ddr ,

s4d

with Asr d the vector potential generating the magnetic field
andnssr d;oi=1

Ns uci
ssr du2.

The LSDA energy for a given value of the total number of
particlesN=Na+Nb and spinS=sNa−Nbd /2 is obtained by
minimizing the functional Eq.s2d under the constraints
edrna,bsr d=Na,b. The ground-state energy for a givenN is
then obtained by picking the spinS with lowest energy. The
details of the practical implementation of these calculations
can be found in Ref. 19.

Already quite good approximations of the densities
nTF

a,bsr d are obtained via the Thomas-Fermi approximation
ssee, e.g., Fig. 2 in Ref. 15d, which amounts to replacing the
Kohn-Sham kinetic energy, Eq.s4d, by the explicit density
functional

TTFfna,nbg =
1

2Ns0d E dr fnasr d2 + nbsr d2g s5d

svalid in 2Dd with Ns0d=m/p"2 the two-dimensional density
of states. Once the Thomas-Fermi calculation has been per-
formed ssee Ref. 20 for the practical implementationd, the

sspin-dependentd one-particle effective Hamiltonian

HTF
a,b = fp − se/cdAsr dg2/2m+ UTF

a,bsr d, s6d

defined in terms of the Thomas-Fermi self-consistent
potential

UTF
a,bsr d =

dEtot

dna,bsr d
fnTF

a ,nTF
b g, s7d

gives a good account of the qualitative behavior of the dy-
namics within the dot, including self-consistent effects asso-
ciated with the Coulomb interactions. We can therefore use
HTF to assess the degree of chaoticity of the dots as well as
the effectiveness of the time-reversal breaking term. Figure 1
displays the cumulative density of the nearest-neighbor level
spacing for the effective Thomas-Fermi Hamiltonian and for
two values of the magnetic fieldB=0 andB=0.15 T. sThe
latter corresponds to about 7 flux quanta through the area of
the dot, or a filling factor of about 50 atrs,1.4.d The perfect
agreement with the random matrix theory prediction for the
Gaussian orthogonalsGOEd or unitarysGUEd ensembles, re-
spectively, shows both that the systems we consider are in-
deed chaotic and thatB=0.15 T is enough to break time-
reversal invariance. We have performed additional checks on
the statistics of the wave functions, and in particular on the
distribution of the quantitiesMij and Nij introduced in Eq.
s9d, which further confirms this point.

Being confident that the choice of parameters and mag-
netic field corresponds to the regime we would like to study,
we can now compute the ground-state energy and spin for
our model quantum dot with the full-fledged LSDA self-
consistent approach. The resulting distributions of addition
energy and ground-state spins, for particle numberN in the
rangef120, 200g, are shown in Figs. 2 and 3.

We would like now to compare these distributions with
theoretical predictions in whichsid the interactions are
treated by a RPA-like approach andsii d the statistical prop-
erties of the eigenlevels and eigenfunctions are modeled in
terms of RMT and RPW. The RPA treatment of the
interactions10,14 is essentially a Landau-Fermi-liquid picture
in which the electrons are considered to be quasiparticles

FIG. 1. Cumulative density of nearest-neighbor level spacing for
the effective Hamiltonian derived from the Thomas-Fermi approxi-
mation atB=0 T sdashed grayd andB=0.15 T sdashed blackd. The
solid lines are the corresponding Wigner surmise distributions for
the orthogonalsgrayd and unitarysdarkd Gaussian ensembles.
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evolving under an effective one-particle HamiltonianHeff
swhich we can think of as beingHTFd and interacting through
a weak short-range residual interactionVRPAsr −r 8d. For bro-
ken time-reversal symmetry, VRPAsr −r 8d can be taken into
account by first-order perturbation theory. Up to a smooth
component in which we are not interested, the energy of the
quantum dot for a given set of occupation numbersf i

s=0,1
of the orbitalsci of Heff is therefore the sum of the one-
particle energies

E1p = o f i
sei s8d

and the residual interaction direct plus exchange terms

Eri =
1

2 o
i,j ,s,s8

f i
sf j

s8Mij −
1

2 o
i,j ,s

f i
sf j

sNij , s9d

with

Mij =E drdr 8ucisr du2VRPAsr − r 8duc jsr 8du2,

Nij =E drdr 8cisr dc j
*sr dVRPAsr − r 8dc jsr 8dci

*sr 8d.

Note that once the interaction potentialVRPAsr −r 8d is de-
termined, all the relevant quantities are expressed in terms of
the eigenvaluesei and eigenfunctionsci of Heff. The RMT/
RPW model consists of fixing the eigenvalue fluctuations
according to RMT and those of the eigenfunctions by de-
scribing them as a superposition of random plane waves, for
levels within the Thouless energy of the Fermi energy. This
fixes the fluctuations ofE1p and of theMij andNij .

The weak interaction obtained from the RPA
treatment10,14 is quite naturally the zero frequency and low-
momentum approximation of the screened RPA interaction,
which for 2D systems takes the form

VRPA
0 sr d =E dq

s2pd2V̂RPA
0 sqdexpfiq · r g,

V̂RPA
0 sqd =

Ns0d−1

1 + rs
−1suqu/kFd/Î2

. s10d

It is known from quantum Monte CarlosQMCd results that,
in the regime of interest, RPA slightly underestimates the
interaction strength. Thus we use a boosted interaction

VRPA = jVRPA
0 sr d s11d

with j adjusted so that RPA matches QMC. Note that this is
completely consistent since the Tanatar-Ceperley parametri-
zation of LSDA comes from fitting the QMC results as well.
The natural quantity to match is the Fermi circle average

JS; kV̂RPAlfs =E
0

2p du

2p
V̂RPA„kF

Î2s1 + cosud…, s12d

which should be interpreted as the Fermi-liquid parameterfa
0.

For the valuers=1.4 considered here, QMC givessRef. 21d
fa
0=0.35 whilekV̂RPA

0 lfs=0.31. Thus, for our density, the natu-
ral value isj=1.1; we have used other values as well in order
to explore trends.

FIG. 2. sColor onlined Addition spectra obtained from the LSDA
calculationssdarkd, compared with theoretical predictions derived
from RPA/RPWslighter, blue onlined. Solid: N even; Dashed:N
odd. Top: strength of the RPA interaction obtained by matching the
QMC value,Js= f0

a=0.35 sfor rs=1.4d. Bottom: better agreement is
obtained with a slightly larger value of this parameter,Js=0.46.

FIG. 3. sColor onlined Spin distribution ob-
tained from the LSDA calculationssleftd, the
RPA/RPW model withJs= f0

a=0.35smiddled, and
Js=0.46 srightd. Contrary to the addition spectra,
slightly enhancing the RPA interaction does not
improve the agreement with the LSDA simulation
for the spin distribution; rather, it makes it worse.
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The distributions of addition energy and ground-state spin
for j=1.1 and 1.5, corresponding toJs=0.35s=fa

0d and 0.46,
are shown in Figs. 2 and 3. We observe that, although the
lower value of the interaction gives already reasonable agree-
ment for the addition energy distribution, a better result is
obtained, especially forN odd, when the interaction is en-
hanced. In contrast, the spin distribution is accurately repro-
duced by just takingJs= f0

a, while the stronger interaction
predicts slightly too many high spin ground states.

Despite the apparent contrast here, these results are nicely
in line with the analysis using the Strutinsky approximation
in Ref. 15. Indeed, the results there indicate that the main
source of discrepancy between LSDA and RPA/RPW comes
from the absence of screening of the Cooper channel in the
former. Since the Cooper channel does not contribute when
time-reversal symmetry is broken, the much better agreement
between LSDA and RPA/RPW here, as compared to the time-
reversal invariant situation considered before,8,15 demon-
strates the importance of this higher-order interaction effect
in the ground-state properties of quantum dots.

It was also pointed out in Ref. 15 that beyond the effect of
the Cooper channel, LSDA differed from RPA/RPW in two
aspects:sid a slightly larger effective residual interaction and
sii d the existence of spin contamination, i.e., of solutions of
the Kohn-Sham equations with different wave functions for
the majority and minority spins. The first of these points
explains why it is necessary to slightly enhance the RPA
interaction to perfectly reproduce the LSDA addition energy
distribution. The spin contamination mechanism, however,

has a tendency to produce slightly smaller ground-state
spins, and therefore offsets the first point when the statistics
of spin ground states are considered. As a consequence, spin
statistics from the LSDA calculations nicely agree with the
RPA/RPW prediction without enhancing the RPA interaction.

To conclude, we have shown that because of the absence
of the Cooper channel contribution when time-reversal sym-
metry is broken, the addition energy and ground-state spin
statistics obtained from LSDA calculations for a chaotic
quartic oscillator at weak magnetic field closely follow RPA/
RPW predictions. This demonstrates in an unambiguous way
that higher-order interaction effects in the Cooper channel
are indeed the main cause of the discrepancies observed be-
tween LSDA and RPA/RPW in the time-reversal symmetric
case. The remaining differences can be understood as arising
from a combination of spin contamination and the slightly
larger effective interaction that can be derived from LSDA
within a second-order Strutinsky scheme. Finally, we stress
that beyond these differences, both methods predict a great
sensitivity of the addition energy distributionsat weak mag-
netic fieldd to the precise value of the exchange parameterJs.
We suggest that experimentally measuring these distribu-
tions, at a temperature low enough12 to resolve the shift in
the maxima between the odd and even distributions, would
provide a sensitive way to directly access this quantity.
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