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We analyze the ground-state energy and spin of quantum dots obtained from spin density functional theory
(SDFT) calculations. First, we introduce a Strutinsky-type approximation, in which quantum interference is
treated as a correction to a smooth Thomas-Fermi description. For large irregular dots, we find that the
second-order Strutinsky expressions have an accuracy of about 5% of a mean level spacing compared to the
full SDFT and capture all the qualitative features. Second, we perform a random matrix-theory/random-plane
wave analysis of the Strutinsky SDFT expressions. The results are statistically similar to the SDFT quantum
dot statistics. Finally, we note that the second-order Strutinsky approximation provides, in essence, a Landau
Fermi-liquid picture of spin density functional theory. For instance, the leading term in the spin channel is
simply the familiar exchange constant. A direct comparison between SDFT and the perturbation theory derived
“universal Hamiltonian” is thus made possible.
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I. INTRODUCTION pected in view of previous results. Indeed, within a statistical

Semiconductor quantum dots are now routinely obtaine@PProach and assuming the classical dynamics within the
using electrostatic gates or etching processes to pattern r}flno_struct.urer:s sufficiently chaotic, one can model thehwave
two-dimensional electron gas formed in some heterostructurnctions in the quantum dot using random matrix theory
(typically GaAs/AlGaAs." Many of their sometimes sur- MT). If furthermore the Coulomb interaction is treated

prising properties are now reasonably well understood fron}Vithin the random phase approximatidRPA), it is possible
a qualitative or statistical point of vieh? and it is now re- to derive various statistical quantiti&s;1” such as the distri-

alistic to think about using these quantum dots for some?ution of spacing between Coulomb Blockade conductance
specific purpose, such as spin filterfhgsurrent or spin peak,_ or the probability of occurrence of nonst_andard spins
pumping? or in the setting of quantum informatién. [that is, not zergnot one-half for even(odd) particle num-

In this context, it becomes important to go beyond aberl. It turns out, for instance, that the fplln gen§|ty functional
qualitative or statistical description, and to develop tools ab|é:alcqlat|ons_gl_ve a larger number of h'gh SpIns _than was
to predict quantitatively the properties of a specific quantunPrédicted within RMT plus RPA modeling. Such discrep-

dot for given parameters. For isolated or weakly connecte@NCI€S could originate from a variety of causes, ranging from
dots—the Coulomb blockade regime—the Coulomb interacN® statistical behavior of the Kohn-Sham wave functions to

tion between electrons plays an important role and has to b%n intrinsic failure of one or the other approach. The goal of

taken into account properly. this paper is to clarify this issue.

. . . For this purpose, we need a way to understand, or to
Here, we have in mind relatively large quantum dots, U Y

. : L X organize, the numbers obtained from the full-fledged spin
with an electronic density high enough that Wigner CryStal'density functional theorySDFT). This can be done using the

Iizqtion is not an issue. A method 01_‘ choice.to address i”terStrutinsky approximation to DFT discussed in Ref. 18, up to
action effects is, therefore, the density functional apprdch, straightforward modifications to include the spin variable.
which has been W|de|y used in theoretical modeling of quan' The Strutinsky approach is an approximation Scheme, de_
tum dots. For small quantum dots, Ref. 10 provides a comyeloped in the late 1960’s in the context of nuclear physics,
prehensive review of results obtained by this technique, af which the interferencéor shel) effects are introduced
well as comparison with quantum Monte Carlo calculationsperturbatively**2° It has been used since then in many sub-
and a discussion of the Wigner crystal regime. fields of physicg?! including the calculation of the binding

For many situations of interest, it is necessary to describenergy of metal clusterg. Standard treatments are usually
correctly the spin degree of freedom. We want therefore tdimited to first-order corrections; in this case, it is similar to
consider more specifically a spin density functional, wherethe Harris function&f familiar to the DFT literature. Here, in
each density of spim?(r), with o=a, corresponding to contrast, we use the second-order approximatigi?* de-
majority and minority spins, is treated as an independentveloped in Ref. 18. We shall see that the second-order
variable. How this can be achieved in practice for a dot conStrutinsky scheme turns out to be extremely accurate in some
taining up to four hundred electrons, and forraparameter circumstances. Furthermore, even when it is less precise,
as high as 4, has been demonstrated in a series of pdpers. which happens in conjunction with the occurrence of “spin

One striking feature of these calculations, however, is thatontamination” in the SDFT calculations, it still provides a
the qualitative picture which emerges is somewhat unexgualitatively correct statistical description.
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The second-order Strutinsky corrections can be cast in a e? e?
very natural form*8 in fact, they amount to taking into ac- Vin(F = 1') = r=r Y 2 ’ 3
count the residualscreeneglinteractions between quasipar- Vr=r] +4Z§
ticles in a Landau Fermi-liquid picture. They are thus ameyyherez, is the distance between the top confining gate and
nable to treatment by the same RMT approach as was usggo-dimensional electron gas. The image term in the inter-
previously for RPA, providing an analogue of the “universal action kernel greatly reduces classical Coulomb repulsion
Hamiltonian” in the case of SDFT. Since within the Strutin- petween electrons at a distance larger tagrso that the
sky approximation the quantum dot properties are relativelysjectron density far from the boundary is quite uniform. The
transparent, we will then be in position to discuss the differyare Coulomb interaction can be recovered by lettipgo to
ence between SDFT results and those obtained from RMnfinity.
plus RPA. The kinetic energy terrixg[n®,n?], on the other hand, is

The paper is organized as follows. In Sec. II, we briefly eypressed in terms of the auxiliary set of orthonormal func-
review the Strutinsky approximation as it applies to spin den'tions (/,_(a,ﬂ) (i=1,---,N, ) such thatn(r) EENUWI_U(I-HZ as
sity functional theory. In Sec. Ill, we consider more specifi- ! voep =

cally the local density approximation from this perspective, 52 Ny
and in particular the screened potential that it implies. Sec. Tesln®nfl=— | > > |Vyl(r)|2dr. (4)
IV covers in detail the specific case of a model quantum dot 2M ) =ap iz

with quartic external confining potential. This model is used
to investigate the accuracy of the Strutinsky approximationer
for various electron densities. In Sec. V, we discuss how th
Fermi-liquid picture emerging from the Strutinsky approxi-
mation scheme can be used, in conjunction with a random — a B

plane wave model of the wavefunctiojns, to analyze the peak Bxs(NeNp) = Ficsl Mes: s ®)
spacing and spin distributions resulting from the SDFT cal4where the Kohn-Sham densitiéggs(r),nﬁs(r)] minimize
culation. This framework also makes it possible to diSCUSSf,’EKS under the constraint given by the number of partic|es of

the mechanism of spin contamination. Finally, in the lasteach spin. This in practice is equivalent to solving the Kohn-
section we come back to the original question motivating thissham equations

work and make use of what we understand from the Strutin-
sky approximation to discuss the discrepancies between h? 5 e o .
SDFT calculations and RPA plus RMT predictions. “omy t Uks(r) J¢'(r) = €74(r), i

From the density functional Eql), the ground-state en-
gy of the quantum dot containiriy,,,N) particles of spin
?a,ﬁ) is obtained as

=1,...N, (6

with the spin-dependent self-consistent potential
Il. STRUTINSKY APPROXIMATION FOR SPIN DENSITY
FUNCTIONAL THEORY SE,
o _ tot a B
. . . - ks(r) = e ~[Nksiniks- (7)
In the spin density functional description of a quantum (r)

dot, one considers a functional of both spin densities |, this section, we shall give a brief description of the

[ne(r),nf(r)] second-order Strutinsky approximation as it applies to spin
B - o density functional theory. Up to the introduction of the spin
Frsln®,n"] =Ty n*, nP] + E{n,n”], (1) indices, the derivation of this approximation follows exactly

o o ~ the same lines as the spinless case discussed in detail in Ref.
where o=a, 8 correspond to majority and minority spins, 18. We shall therefore not reproduce it here, but rather try to
respectively. In this expression, the second term is an explicémphasize what exactly are the assumptions made in deriv-
functional of the densities ing the approximation, and then merely write down the ex-

pression we shall use in the following sections.
Eoin%nfl= f drn(r)Uq(r)
ol | ext A. Generalized Thomas-Fermi approximation
The basic idea of the Strutinsky energy correction method
' ) —-r' ' @ nB . . .

+f drdr'n(r)oin(r = r)n(r’) + &n,n”], is to start from smooth approximatioss andn;x(r), to the

@) DFT energyExs and electronic densitgks(r). Then, fluctu-
ating terms are added perturbatively as an expansion in the

where n(r)=n“(r)+nA(r), Uad(r) is the exterior confining el Parameter

potential, and the precise form of the exchange correlation on(r) = ngs(r) = Nee(r). (8)
term £,/n%,nf] is to be discussed in more detail in Sec. IIl.

vi(r,r') is the electron-electron interaction kernel. Theln the original work of Strutinsk}?:2° various ways of con-
presence of metallic gates can be taken into account by irstructing the smooth approximation have been considered.
cluding an image term in addition to the bare Coulomb in-The most natural choice foif(r) turns out to be the solu-
teraction tion of the Thomas-Fermi equation
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Weyl term (15 and the first4 corrections. For two-
dimensional systems, however, the corrective term computed
from this prescription turns out to be zero, while the presence
of Tfrlg is actually useful in smoothing the Thomas-Fermi
density near the boundaries of the classically allowed region.
We have therefore used the phenomenological Weisacker-
like term? (12) which plays a similar role.

OF1E
n°

[n*,n] = ute 9

coupled with Erg=Fre[n$:(r),nf=(r)]. The “generalized”
Thomas-Fermi functional is defined as

Freln®,nP] = Treln®, nf] + £ n®,nf], (10

with &,{n%,n] given by Eq.(2). It differs from the original
spin density functional only in that the quantum-mechanical
kinetic energyZs, EQ. (4), is replaced by an explicit func-
tional of the density. For two-dimensional systems this takes The practical implementation for the Strutinsky scheme
the form Zre[n®, nf]=7[n®,nf]+ 7 [n*, n] with can be summarized as follows. The first step consists in solv-
ing the generalized Thomas-Fermi equati@®, which de-
fines a zeroth-order approximation for the ground-state en-
ergy Eyg as well as an approximation to the density of
particlesn{(r). From this latter quantity, one derives for
@2 B)2 each spino=«, B the effective potentiaU(r) through Eq.
Hme = — T f dr[(Vna) . (Vnﬁ) o p B p Te(r) gh Eq
87N(0) : : The second step consists in solving the Schrodinger equa-
where N(0)=m/wA? the density of states for two- tions(again for each spin
dimensional systems ang a dimensionless constant taken 52
here to be 0.25. Such a choice for the kinetic energy func- (_ —V2+ U(TrF(r))d)iU(r) =E¢’(r), i=1,...N,.
tional correctly takes into account the Pauli exclusion prin- 2m
(16)

ciple, and thus that an increase in kinetic energy is required
include fluctuations associated with quantum interference. 1herefore, while the Kohn-Sham equations are both quantum

B. Strutinsky correction terms

79ne,nf] = ﬁ(o) f dr[ne(r2+ A3, (1D)

| s

to put many particles at the same space location, but fails to
To illustrate this, let us for a short while assume0, i.e.,

only the first ternﬂfroF) of the Thomas-Fermi kinetic energy is
taken into account. Then, one can show that the Thoma

Fermi density fulfills the self-consistent equation

NT(r) = nTUTE](r), (13
where the Thomas-Fermi potential is defined, as in #j.
by

UU - 55t0t @ B 14
7e(r) n(r) [NTe 7] (14)
and
_ d 2
TUZ(r) = f ﬁ@[u&—;—m—%&)} (15)

mechanical in nature and self-consistent, here all the self-
consistency is left at the “classical-like” level of the Thomas-

£ermi equation, and the quantum mechanical wave interfer-

ence aspect is taken into account without self-consistency.
One obtains in this way a new density

N

Ao(r) = 2 |#71(r). 17
1

It can be seeff thatnf(r) is by construction a smooth ap-
proximation ton’(r) [this is basically the content of Eq.
(13)]. Therefore

Tosdr) =H7(r) = ne(r) (18)

can be considered as the oscillating partitf and will de-
scribe the short scale variations of the density associated

is the Weyl part of the density of states of a system of indeWith quantum interference.

pendent particles evolving under the potentigl(r) (® is

the Heaviside step functioni=2 is the dimensionality, and

Once the eigenfunctions and eigenvalues of @) are
known, corrections to the Thomas-Fermi energy can be
added perturbatively

the chemical potentialg.7- are chosen so as to fulfill the
constraints on the total number of particles with spiand (19)
B). From its definition,n’TUL](r) [and as a consequence ) ) ) )
n%(r)] is a smooth function, in the sense that it can changérhe first-order correctlo_n turns outlto be simply the oscillat-
appreciably only on the scale on whith,(r) varies, but nd part of the one particle enery’

cannot account for the quantum fluctuations of the density on

Exs = Ere+ AEW + AE@,

— SC —
the scale of the Fermi wavelength. AEW = £35°= E4p - £ (20)
The Weyl approximation is, however, only the leadingwith
term in a semiclassical expansion of the smooth part of the \ \
density of states, and higher-order correctionsiican be O ~a ﬁzﬁ
added in a systematic way. The standard 4vay chooseleF) E1p= I% &+ I% i (21

is such that Eq(12) holds, but with an approximation to the
smooth density of state¥’TU%:](r) which includes both the the one particle energy and
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— position and the other in the momentum representation.

E1p=Trel e el + X [ drUZ(Nnge(r)  (22) To simplify the numerical implementation of E5), we
o= shall therefore in Sec. IV use this equation with an approxi-
its smooth part. mate Vgereenedhich is diagonal in the momentum represen-

The second-order correctiohE®® can be expressed in tation, thus inducing additional errors that are not intrinsic to
two different wayst® The first one is the intermediate result the Strutinsky scheme. We shall see that even with this ad-
ditional approximation, the error on the fluctuating part of
AE® :1 s drdr RC c(r)VU,(r'(r ryene (r') the total energy will be of the order of 5% of a one particle
2 osc’/ Tharel mean level spacing.

qoTak For most of our discussion, this is small enough that we
(23) do not need a better approximation\af, ccneq What we will
which is expressed in term of the bare interaction get in this way is however an upper bound on the precision
of the Strutinsky approximation. A lower bound, on the other
o’,U'(r ()= ot [n%.né ] (24) hand, can easily be obtained with the use of the intermediate
bare’™» moryone (k) o expression(23). Indeed we shall also implement the full

) o N Kohn-Sham calculation and therefore we will actually know
but involves thea priori unknown densitiessn#(r). The  sno(r). This lower bound on the error will turn out to be

second form useful for instance to discuss issues related to spin contami-
L1 ) , nation. We shall therefore in Sec. IV compare the full DFT
AE®@" = 5 > f drdr "N (r)Vereenell T Ngsdr’) results to both the first forf23) and the second forif25) of
0.0’ =a,B the Strutinsky approximation. In the figure labeling, the first

(25)  one will be referred to as “ST" and the second one as “ST.*”

can be computed entirely in terms of the knojamce Eg.

(16) has been solve}djensitiesﬁg’sﬁ(r), but requires the use C. Applicability of second-order Strutinsky expressions

of the screened interaction Although we shall not reproduce here the derivation of
, STre -1 o,0” Eqg. (23) (see again Ref. 18 for detajJsthe condition of
Vreenell :F') = > dr”{(—2+vbare> } (r,r") applicability of this equation can be understood easily by
o"=a,B an comparing the Kohn-Sham equatiof® with the ones de-
oo fined by the Thomas-Fermi potentiblf-(r), Eq. (16). We
X[ﬁz_TTF 'Vbare:| ' (t".r'). (26) See there that the Kohn-Sham wave functigiisand their
approximations¢;” are defined through Schrodinger equa-

(The matrix inversion here should be taken with respect totlons that differ only by a difference in the potential term

both the spatial position and the spin indigesote that in , ,
Eq. (26) we can use SU(r) = Ugs(r) —Ue(r) = > Jdr’Vﬁa‘Ie(r,r’)W (r)
2T 2 T
s 8yt St =) (27) (29

ne(r)on” (r')  N(O)
(r) ') with Vp, dr,r’) defined by Eq(24).
and, neglecting terms involving derivatives of the Thomas- The main approximation in the derivation of E@3) is

Fermi density, that thesU(r) can be taken into account by a second-order
527%12 7 o perturbative calculation. In general, this implies that the non-

- =- ——A.8(r'—r). (28  diagonal matrix elementssU){=(¢|8U’|¢{)(i #j) should

an’(r)an” (r') 4mN(0) n7e(r) typically be smaller than the mean level spacihdpetween

We stress that since the first of these second-order expreSn€ particle energies. More specifically, since the only rel-
sions, (23), involves thesn®A(r) which are in principle un- €vant errors are ones modifying the Slater determinant

known, only the second form, E@25), should be regarded formed by the occupied orbitals, the actual condition is that
as the “genuine” second order Strutinsky result. It turns ouihe matrix element between the first unoccupied orbital and

however that in the practical implementation of E25), we the last occupied. orbital is smaller than the spacing between

shall in the following perform a further approximation to these level, thatis,

simplify the numerical implementation. Note this is not, v o) 10\ < _~ -

hOV\f)e\Zr, because of the rFr)1atrix inversion in E26)—for (Rl 0U1) < G —en) (0= af). (30

the case we shall consider, the screening length is much good accuracy, on the scale of the one particle mean level

smaller than the size of the system, allowing this inversion taspacing, of the Strutinsky approximation in the fo(@8) is

be done analytically. Rather, the resulting screened potenti@quivalent to the above condition.

will turn out to be diagonal neither in the position nor in the  Now, Eq.(30) again involvessn(r), which is unknown.

momentum representatiqisee next sectionin contrast to |t js therefore not possible to prove rigorously that it should
gg{é which is the sum of two parts, one diagonal in the be fulfilled. It is possible, however, to show the consistency
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of such an assumption. If we assume ttiat(¢{|6U%|¢})| L5 ' ' - - -
<A for all pairs of orbitals(i,j) and o=«, B, so thatsU”

can be treated perturbatively atit) the oscillating parts of I A

the Kohn-Sham densitiefgs)g.(r) do not differ signifi- = %50

cantly fromfig,(r), implying that sn’(r) = on’(r) +fige{r),

then the following can be shown. 0.5 —
(a) 6U‘T(I’)= E dr,vscreenegir:r’)ﬁosa(r,) (31) 00 05 /1 . 1I.5 T2 25 3
o'=a,B8 I‘S
which immediately yields Eq(25) from Eq. (23). FIG. 1. (Color onling The functionw,(n, 0) andv,(n, 0), which

(b) (SURYIA% and ([(Nkg)ged 1) =T ()1 /{[n7(r)]?)  define the functional second derivative&yfn®,n?] [see Eq(34)],
are both negligible for a large dot for which the chaotic mo-as a function of the parametey=1/#a3n.
tion in the potentialU7¢ allows modeling of the wave func-
tiqns in terms of rf_;mdom plane wavéseing of order Ing/g Vio(F,r') = — 2mage?(r — ')
with g the dimensionless conductance of the)dot
X(va[n(r),g(r)] op(n(r),¢(n]

vp[N(r),Z(N] valn(r),= (r)]
wherev, andv, are obtained from the partial derivative of

The second order Strutinsky correctiof@3) or (25), in- €c(n,¢) [defined ir.1 Eq.(32)]. In all numerical calculations
volve the bare and screened interacti#$ and(26). Inthis W€ shall keep entirely the dependencevgfandvy, on the
section, we shall consider the particular form these interacPolarizationZ. However, this latter will usually be relatively
tions take for the exchange correlation term we use to perSMall, andv, and vy, contain already second derivatives of
form the actual SDFT calculations, namely, the local spinthe functionalé, with respect to the polarization. We shall
density approximation therefore proceed assuming(n,{)=v4(n,0) and vy(n,?)

=pp(n,0). The dependence of these functions on the param-
eter rg=(magn) Y2, with a,=#%/mé the Bohr radius, is
Exdn® nf] = f drn(r)edn(r),Z(r)], (32 shown in Fig. 1.
Turning now to the screened interactiVg,eencli .1 '), it
where{(r)=(n*-nf)/n is the polarization of the electron gas is useful to switch to the variable@R,)=[(r"+r)/2,(r
and ¢, is the exchange plus correlation energy per electrorr’)]. The Fourier transform o¥,,{R,1) with respect td
for the uniform electron gas with polarizatign We further-  reads
more use Tanatar and Ceperley’s formegfat /=0 and 12° 11 v.(R) vy(R)
and the interpolation e(n,?)=¢(n,0)+f({)[€c(n,1) VbaréR,Q)ZZWezaovc(Q)< )-277 eZ( a b )
-€,.(n,0)] for arbitrary polarization, withf()=[(1+¢)32 11 vp(R) va(R)
+(1-2)%/2-2]/(2%2-2). (This functional form is such that (35)
the result would be exact if only the exchange term was

., (34
Ill. THE SCREENED INTERACTION IN THE LOCAL )

DENSITY APPROXIMATION

considered. Recently, Attaccaliteet al?® parametrized a where
LSDA exchange-correlation functional form based on more 1 22
accurate quantum Monte Carlo calculatiqisee, e.g., Ref. ve(q) = _a0|q|(1 —e ) (36)

27) that include spin polarization explicitly. We have, how-

ever, checked that for the quantities in which we are inter{again, the pure Coulomb case is recovered by letting the

ested here, this functional introduces only minor modifica-distance to the top ga#g go to infinity). This can by further

tions; we shall therefore use Tanatar-Ceperley's form for ousimplified by diagonalizing the matrix in the spin indices: the

discussion. eigenvectors are the “charge chann@(a+8)/\2 and the
From the ex.pressio'n of the fu.nctiora(lc[n“,nﬁ], the bare “spin channel"§:(5z—,é)/v’§. The eigenvalues are

and screened interaction potentials E2fl) and(25), needed

for the evaluation of the second-order Strutinsky corrections,

are easily computed. The bare interaction is the sum of two

termsVpare= Veourt Vye: The Coulomb interaction

2
AR, Q) = m{zvc(q) -[va(R) +v,(R)} (37

in the charge channel and

11
Veoulr,r') = Uint(|r -r ,|) ’ (1 1) (33 )\gar&(R,q) = ﬁ[vb(R) —va(R)] (38)

is independent of both the density and spin. The matrix strucin the spin channeinote 2rage?=2/N(0)].
ture here refers to the spin indicasand 8. The exchange Because the screening length is short on the scale for
correlation term is local and can be expressed as which the smooth part of the electronic density varies appre-
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ciably, the operators®Z;r/ 0n’+Vp,e can be inverted by compute the Kohn-Sham energiggs[N*,N#] and densities
treating the variabl®k as a parameter, appearing thus diag-nZ4(r) following the approach described in detail in Ref. 12.
onal in theq representation. One obtains in this way For the Strutinsky approximation, the only part which pre-

_ sents some degree of difficulty is actually the Thomas-Fermi
A+ A2 (A )‘S)/2> (39) calculation, for which we have developed a new conjugate-
A= Ag/2 (Nc+N/2 gradient method which turns out to be extremely efficfént.
in terms of the eigenvalues

Once n(T‘éB)(r) are known, the effective potentials({éﬁ)(r)
and the corresponding densitigs?)(r) follow immediately.

2 2v(q) — [va(R) +vu(R)] (40 Figure 2 shows the densitigsg(r), nks(r), on(r), and
N(0) 1 +9(g)2v(q) — [va(R) +vy(R)] Nosdr) for the ground state witiN=200 electrongN,=Ng
=100 of the gated quartic oscillator system with parameter
[a4], corresponding to an interaction parameterrgf1.3.

2 [vp(R) = v4(R)] 1) Noting, in particular, the difference of scale between the up-
= er and lower panels, one can observe that the Thomas-
N0 1 +9(@[vp(R) ~v4(R)] FI;ermi density a?ready is a very good approximation to the
for the spin channel. ThR dependence of. and\g arises  exact one, and thain(r) is a small oscillating correction, of
from v [n(R)] and vy[n(R)], and therefore from the local the same magnitude as the oscillating parfi@f). Apparent

value of the densitythat is, of the parameter) at the loca-  also on this figure is the fact that the largest errors are located
tion the interaction is taking place. Furthermore, the functiorat the boundary of the dot where corrections to the Weyl

\A/screeneQR ) = (

)\C(Riq) =

for the charge channel and

)\S(R1q)

2 ) density of higher order ik are the largest. To make this
g(g) = (1 + nq—) (42) more visible, we plot in Fig. 3 the densitiéa(r) andf,{r)
8mre(R) along a cut on a diagonal of the confining potential for two

sets of parameters. This makes it clear fgf(r) is an os-
cillating function only in the interior of the dot, but has a
proportionally large secular component at the boundary. As a
consequence, choosing correctly the téﬁi‘ﬁ of the Thomas-
Fermi kinetic energy term is actually important to obtain
IV. THE GATED QUARTIC OSCILLATOR MODEL good accuracy® We have therefore determined the param-

To evaluate the accuracy of the Strutinsky approximatiorgter #7=0.25 of this functional by imposing th@f{N] os-
scheme, we consider a two-dimensional model system fogillates around zero, rather than having a significant mean

which the electrons are confined by a quartic potential ~ value. As an illustration, we also plot in Fig. 3 the same
quantities but for a calculation where a valye 1 has been

used for the Thomas-Fermi kinetic energy correcting term.
We see that this increases significantly the error in the
Thomas-Fermi density at the boundary, reducing the effec-
tiveness of the Strutinsky approximation.

would just be 1 in the absence of thecorrection?frlg to the
Thomas-Fermi kinetic energy term; it prevents effective
screening to take place for large momenta.

4
Ueuloy) =al - +by! = 2082+ 10y =y | (43

The role of the various parametersldf,(x,y) is the follow-
ing: a controls the total electronic densitiye., the parameter
ro), and therefore the relative strength of the Coulomb inter-

action; \ allows one to place the system in a regime where B. Ground-state energies

the corresponding classical motion is essentially chaotic; fi- ) .
b 9 y With the expressiong35) and (39) of the bare and

nally, b and y have been introduced to lower the symmetry _ . ; .
of the system. In the following sections, we Us] to de- spreened interactions, and using the knovyn eigenvalues and
note the parameter valuge= 102 x ER/aé (with Ex=€2/2ay) eigenfunctions for the Schrodinger equatiqe$ and (16),
and [a4] for a=10"x ER/ag which atN=120—200 corre- the Strutinsky approximation for the total energy, including
spond torg=0.3 and 1.3 réspectively. We uie=0.53 and the order one Eq(20) and order two Egs(23) and (25)

S ! d_corrections, can be computed for aN,,,Np). As for the full

v=0.2 in our calculations unless specified otherwise. In ad=", ) , )
dition to this two-dimensional potential, we assume the exSPin density calculations, the ground-state energy for a given
total number of electromN is then obtain as the minimum

istence of a metallic gate some distarzgaway from the 2D : :

electron gas whose purpose is to cut off the long-range pafRVer (NaNg) with N, +Nz=N of these energies.

of the Coulomb interaction. This gate is placed sufficiently L€t us now consider these ground-state energies for a
far from the electrons to prevent the formation of a densitycnoice of parametef@l], such that the coefficiemt=0.3 is
deficit in the center of the potential well without modifying still smaller than one and thus the Coulomb interaction is not

qualitatively the quantum fluctuation. In practice, we take Very large compared to the kinetic energy of the particles.
about 0.78, for [al] and 2.3, for [a4].28 Figure 4 displays the corresponding difference between

Strutinsky and Kohn-Sham ground-state energies, in mean
_ » level spacing units, for a number of electrons ranging from
A. Electronic densities 50 to 200. For the upper pandlg;[N] is obtained from the
For any set of parameters defining the poterd®), and intermediate expressiof23) using the bare interaction and
for any number of up and down electrofi$®,Nf), we can  requiring the knowledge of the exaéh(®#. For the lower
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FIG. 3. (Color online Diagonal cut of particle densitiesn(r)
(solid) andTiys{r) (dasheg, in units of the average Thomas-Fermi
densityn inside the dot. Upper panel: parametgad] (rs=0.3).
Lower panel parameterf@4] (rs=1.3). The dot containdN=200
electrons (N,=Ng=100. The thin dashed lines correspond to
Nysdr) from a less accurate choice of the Thomas-Fermi kinetic
energy term, namelyy=1.0 instead of 0.25.

earlier, this is, however, probably due to the fact that, be-
cause our code was devised to handle only two body inter-
actions that were diagonal either in position or in momentum
representation, we had to use in that calculation an approxi-
mation where, for the screened interaction, the local value of
the parameterg(r)=+1/mn:(r) has been replaced by its
mean value.
h.~ | Indeed, a second feature immediately visible on Fig. 4 is
l"" the presence of a net trend in the energy differences between
Kohn-Sham and Strutinsky calculations. This secular term is
related to the nonoscillating componentr@t{r) and on(r)
visible on the lower panels of Figs. 2 and 3 at the boundary
FIG. 2. (Color onling Particle density for the parametda4 ~ Of the quantum dots. This can be checked by using a less
for a system oN=200 electrongN,=Nz=100. From top to bot- ~accurate Thomas-Fermi approximatieeg., with =1 for
tom: nye(r), ngs(r), on(r), andfyedr). Note thatne is a smooth  the correcting term of the kinetic energﬁ), and noticing
approximation tongs and thaton(r) andf,e(r) are very similar. that this secular term in the deviation increases noticeably
while the fluctuations remain less affected. Since the total
) _ o density of electrons at the boundary of the dot is significantly
panel,Es[N] is obtained from Eq(25), which involves the  |ower than its average value, it is relatively natural that in
approximate screened interaction, but only the knowledge ojur approach, this secular deviation is made significantly
~£,‘;f>(r) worse in the second form of our approximation.
The first observation that can be made on that figure is The secular deviation is not completely negligible in
that the second form of the Strutinsky approximation appeargerms of the mean level spacing. The relevant scale for the
substantially less accurate than the first one. As mentionesinooth part of the ground energies is, however, the charging
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FIG. 4. (Color onling Difference between Strutinsky and Kohn- FIG. 6. Spin contaminatio@gN] as a function of the number

Sham ground-state energies, in units of the mean level spacing, ag, particles. The spin contamination is infrequent at high density

function of the number of electrons_, for the high density phdf] ([a1], upper pandl but becomes frequent and substantial fgr
(r¢=0.3). Upper panel:Es{N] obtained from Eq.(23). Lower ~1.3([a4], lower pane.

panel:Egt<[N] obtained from Eq(25). In both cases, the difference

shows small fluctuation@ few percentabout a linear secular trend . . . .
(dashed line is fit particles in the system. Nevertheless, in a few circumstances

significantly larger deviations are observed, with a magni-
. 5 i . .
energy, compared to which these secular corrections are e;(qde typically 5@ of a mean level spacing and a sign which
. is always negative.
tremely small. To focus on the fluctuating part, we therefore - o i
. . ) P To understand the origin of these larger deviations, it is
remove the secular teriti.e., the straight lines in Fig.)4 . . .
useful to correlate them with the occurrence of spin contami-

obtaining in th|§ way Fig. 5. . nation, that is to situations where the SDFT calculations
Let us consider first the upper panel, where the interme;

diate result Eq(23) has been used. We observe that thebreak the spin rotation symmetry. Since the actual spin is a

fluctuating part of the error is usually extremely small. t i_somewhat ill-defined quantity in a spin density calculation,
gp y y - VP \ve need, however, first to specify what we understand by

cally of order a percent of a mean level spacing, and that this_. . . : . .
is mainly an oscillation between odd and even number O{Zﬂs. Indeed, in spin density functional theory the difference

«—Njg can be interpreted as twice the compongnof the
quantum dot total spin. Another quantity that can be easily
computed is the mean val®S+1) of the operatof’ for the
Slater determinant formed by the Kohn-Sham orbit#lsi
=1,---,N,, which can be expressed &S+1)=S/(S,+1)
+6S with the “spin contaminationdS given by?!

ST

8S=Ng- > [uvP)2. (44)

ij<Ng

0.06

004 From this expression, one sees that if all occugheatbitals

are identical to the correspondimgorbitals, 5S=0, and it is
presumably reasonable to interpi&t,—Ng)/2 as the sys-
tem’s total spin. However, as soon as different-spin orbitals
i ] start to differ,6S can take any positive value smaller tHsp,
B T I R signaling that, at least, there is some ambiguity in the assess-
Electron Number ment of the total spin of the system. In Fig. 6 we have plotted
FIG. 5. (Color onling Difference between Strutinsky and Kohn- the grOl_Jnd-state spin Contamlnatlléﬁ[N] as ‘_"1 fu.nctllon of
Sham ground-state energies as in Fig. 4 but now with the seculdh€ Particle number. Fdal], the spin contamination is usu-
trend removed. Solid: all ground states. Dots: ground states witho@lly negligible, except in some few cases whégs of order
significant spin contamination. Note the excellent agreement in th@ne half or so are encountered.
case ofEgy, obtained with the intermediate result §&3) (upper Coming back to the Strutinsky approximation, we can use
pane)}—of order 1%—when spin contamination is not present. Inthe information from Fig. 6 to exclude in Fig. 5 the ground
the case of the “genuine” Strutinsky approximat®s- [i.e., using  States with significant spin contamination. The remaining
Eqg. (25)], the agreement is still very godtbwer pane). points correspond to the dotted symbols in this figure. In the

Fluctuation in Errors

ST*

0.02

-0.02
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state energies. We found that as long as no significant
amount of spin contamination is present in the SDFT calcu-
lation, the Strutinsky result provides an excellent approxima-
tion when the intermediate expressi@28) is used, and a
good, though slightly degraded one, when applying the genu-
ine Strutinsky approximationi25). In this latter case, it is
probable that the additional errors come mainly from the
neglect of the local density dependence in the screened in-
teraction rather than to the Strutinsky approximation itself.
We shall come back to the issue of spin contamination in the
next section, and sketch an extension of the theory that
would make it suitable to deal with the spin contaminated
case.

Before doing so, however, we shall address another ques-
tion, namely, how well, even in the case where a one-to-one
g L L comparison of ground-state energies can imply an error of a

Electron Number fraction of mean level spacing, are the statistical properties
_ _ _ of the quantum dots described within the Strutinsky approxi-

FIG. 7. (Color onling Difference between Strutinsky and Kohn- - mation. For instance, we have in mind the distribution of
Sham ground-state energies, in units of the mean level spacing, asg?ound-state spi,[N] or of ground-state energy second dif-
functllgn of thé number of elt_ectrons, for th§=_1.3 dot[a4]. Upper ferences N]=Exg N+ 1]+ Ex N— 1]- 2E¢ [N+ 1]. This lat-
panel: Eg{{N]; lower panel: Egp[N]. The linear secular trend Lo ibl . v b . h
(dashed line is a fitis now significantly larger than fdial] (com- ter q_uant|ty IS accessible eXpe“mema y by measuring the
pare with Fig. 4, but the fluctuation about this trend remains small spacing between qondUCtance peaks in the Cou‘[omb Block-
(of order 5%. gde regime, and will be referred to below as the “peak spac-

|ng ”

-0.3

(E(ST) -E(KS)) /A

&
W

N
i

[N

(E(ST*) - E(KS))/ A

0.5

I.n Fig. 8, both peak spacing and spin distributions are

upper panel, we see that there is almost a one to one Corrﬁlotted for two interaction strength regimé@1] and [ad])

spondence between larger errors and spin contamination. <o either Kohn-Sham results or one or the other forms of

Tuming to th_e Iow_er Pa”?' In Fig. 5, We see that _the fur'the Strutinsky approximation. In the smallcase, the agree-
ther approximations in treating the screening used in evalu-

tina Ed.(25) do d de th £ 1h d-st tment is naturally excellent, but we see that even for the
ating Eq.(25) do egrade the accuracy of the ground-sta enigherrS case, both forms of the Strutinsky approximation
energy somewhat. Still, the genuine Strutinsky resf)

gives the fluctuating part of the energy to within a few per—glve a fairly good approximation—certainly they provide a

. . . "~ qualitatively correct description.
cent of the mean level spacing. For the spin contammauonq y P

no particular correlation is seen, presumably again because
the overall agreement is slightly spoiled by the approxima-
tion we made for the screened Coulomb interaction. V. FERMI-LIQUID PICTURE

In lower density(largerr) more realistic dots modeled by |t is not possible to develop a real Landau Fermi-liquid
the parameter seflad], spin contamination in KS ground theory for quantum dots because the mesoscopic fluctuations
states is much more pronounced, as shown in the lower pangtevent any Taylor expansion of the free energy in terms of
of Fig. 6—it is, in fact, always significant. In conjunction, occupation numberLandau theory basically assumes that
Fig. 7 shows that the accuracy of both the intermediate exthe excitation energies are the smallest energy scales of the
pression(23) and the genuine Strutinsky approximatio®.,  problem, which is clearly not true for mesoscopic systems
using Eq.(25)] becomes worse. As at higher density, thepecause of variation on the scale of the mean level spacing.
main error is a secular trend: in the case of a‘.ﬁ) it attains However, discussing what we may call a Landau Fermi-
a value of several mean level spacings, due presumably f@yuid “picture,” in the sense that the low-energy physics is
the approximations made in treating the screening. After regescribed by a renormalized weak interaction, is still some-
moving the secular deviation, however, the fluctuation in thehing meaningful.
errors of both forms of the Strutinsky approximation for the  |n that sense, what Eqel9)—(26) express is that SDFT, in
ground-state energy is still quite small: the rm.s. is .05 the limit where the Strutinsky approximation scheme is ac-
when Eq.(23) is used and 0.06 when Eq.(25) is. Thus for  cyrate, is equivalent to a Landau Fermi liquid picture, where
characte(izing the_fluctuating pgrt of the_ ground-state energyjuasiparticles with spimr=a, 8 evolve in the effective po-
the genuine Strutinsky approximation is nearly as good agential U9 and interact through a residual weak interaction

the intermediate resu(®23), a property we expect to remain Voo (r.r') that can be taken into account as a perturba-

valid at largerrs,. !screene :
9errs tion. The only unusual feature is the absence of an exchange-

like contribution to the total energy. Indeed the main role of
the exchange correlation functiorg[n,,n] is to make the

In the previous subsection, we have considered the accinteraction between same spin particles different from the
racy of the Strutinsky approximation for individual ground- one between opposite spins.

C. Coulomb Blockade peak spacings and spin distribution

205309-9
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FIG. 8. (Color onling Spin and peak spacing distributions for

the case$al] (left column) and[a4] (right columr). Solid: evenN;
dashed: oddN. The statistics are obtained foN=120-200
with (\,v)=(0.53,0.2, (0.565,0.2, (0.6,0.2, (0.635,0.1% and
(0.67,0.1. From top to bottom: Kohn-Sham, intermedigieq.

(23)], and genuingEq. (25)] Strutinsky approximation. Agreement

between the three methods is excellent, of coursgafjr But even

for [a4] where individual energies may be in error, the agreement o

the distributions is very good.

PHYSICAL REVIEW B 70, 205309(2004

ger for oddN, which is not a problem since at the Thomas-
Fermi level the quantization of particle number is not playing
any rolg and write the second order Strutinsky correction as

1 '
AE® = 52 fiofjorM{Z = AE?,
iv,j
with f,,=0,1 theoccupation number of orbitalwith spin o,

(45)

—_1 , ,
ABT=22 f drdr /%1 Veeeneld . INFe(r) (46)

ag,T

and

M7 = | a0 PVt N0 (47

For a chaotic system, it can be shown that the fluctuations

of the M{fj"' are small(variance of order-In g/g?) and that
their mean values are given by

(M) = [V ool = 0) + i1 8 (Veanedr /A, (48)

whereA is the area of the dojt is 2 here since time rever-
sal symmetry is preservegtlut would be 1 if it were broken
and

’ 1 27T ~ ’ ”—
<Vlsré(rreene FC— 27TJ deé?eeneLV’2(1 +COos 49)k|::|
0

(49)

is the average of the screened interaction over the Fermi
circle (note agkp=v2/r).

Note, however, that the screened interacti@f) is de-
rived under the assumption that the oscillating part of the
density integrates to zero, so that the total displaced charge
providing the screening also does. Between the refer&nce
70 configuration(the TF casgand the highelS ones, the
total number of electrons is, of course, conserved, but not the
number for each spin. It should be kept in mind, therefore,
that theq=0 component of the density cannot be screened;

Since moreover we have chosen the confining potential ithis can be included simply by setting(q=0)=\"q
such a way that the classical motion within our model quan=0).

tum dot is chaotic, we know that we can use a statistical

description of the eigenlevels and eigenstates I:Qf,:
=p?/2m+U+g(r) in terms of random matrix theorgRMT)

The screened interaction matrix is characterized by its ei-
genvalueg40) and(41). In Fig. 9, we thus plot the; depen-
dence of these quantities averaged over the Fermi circle, and

and random plane wav®PW) modeling. We are therefore compare them to their bare counterparts.

A few remarks are in order concerning this figure. First,

in the position to follow the line of reasoning in Ref. 15 to ! :
analyze the SDFT calculation. We shall do this in this sectioveé See that, because of the divergence of the Coulomb inter-

distributions obtained, and in a later stage to address thghannef” Screening is less dramatic in the spin channel, but
mechanism of spin contamination. can still be an order one effect asincreases.

Furthermore, while the screening decreases the absolute
strength of the interaction in the charge channel, it actually
increasesdt in the spin channel. Indeed, since the interaction

To model the statistical properties obtained from thein the spin channel coming from SDFT is attractive, the
SDFT calculations, let us assume that the Thomas-Ferngharges in the bulk of the Fermi sea will, as long as this does
density across the dot has variation small enough that we camot involve too much kinetic energy, move so as to increase
take the parameter as a constant. We furthermore imposethe spin polarization. Finally, we note that for the value of
n?F(r):nﬁF(r):nTF(r)/Z [/n%=(r)dr might then be half inte- the parameter; that we use, the effect of the firstcorrec-

A. Universal Hamiltonian form

205309-10
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Py

-

Mean of Mij’s
]
A

FIG. 9. (Color onling Average over the Fermi circle of the
eigenvalues of the screened and bare SDFT interacfionsits of oos- .
2/N(0)] as a function ofrg=(ma3n)"Y2 Dark: charge channel. §°-°“' v e
Lighter color(green onling spin channel. Dashed: bare interaction 1
()\'32’3 (with a cutoff of the momentum ag=1/L in the charge >m_ i ]
channe). Solid: screened interactiofa. ¢ with »=0.25. Thin dot- v 3 y
dashed: same but with=0. Since theq dependence oks is en- n »_M-,_:_;-:————-—:""
tirely due to the]‘TlF) correction to the Thomas-Fermi kinetic energy o o T S
functional, it therefore disappears in this latter case. The interaction
in the charge channel is, of course, dramatically decreased by g 11. (Color online Comparison between the analytical
screeping; in contr.ast, screening increases the magnitude of the igpyy predictiongEgs.(48) and(51)] and numerical calculations of
teraction in the spin channel. the mean and variance &fl;’'s. The wave functions used in the

numerical calculations are eigenfunctions of the effective Thomas-
. 741) . . . . Fermi potential withN=200 in the quartic oscillator system. Lines
tion 77z on the screened interaction is very small in the gintg correspond to analyticghumerica) results, with the solid
charge channel, and only slightly Iargerrln the spin channel(cirde) for M{%, short dashedsquarg for Mf,'jﬁv long dashedup-

If we neglect the fluctuations of thd” , Egs.(39), (45),  triangle for M}, and dot dashe¢own trianglg for ME.
and(48) imply that AE® is just a function of the number of

particles N=N,+N; in the dot and thez componentS, . . ) .
=(N,—Np)/2 of the ground state the spin, energy gain and one particle energy cost of forming a triplet
are equal on average, and therefore triplets should become as

1 bar uT probable as singlets. In the same way, spin 3/2 becomes as
AEZ(N.S) _EMTN<>‘°>FC+7‘S 5 - ?(<)‘C>FC_<)‘S>FC)SZ' probable as 1/2 at,=1.8, and spin 2 as probable as 1 at
(50) re=2.8. o

To have a more precise idea of the whether the random-
The main value of this expression is how it compares to th@lane-wave model captures the main physics, we can follow
universal Hamiltonian form334and we shall come back to the approach of Ref. 15 and make a simulation of the peak
this point in the discussion section. Already we can see, howspacing and spin distributions. We use GOE distributed en-
ever, that it contains almost all the information necessary t@rgy levels for the first-order correctigi20), and take the
understand qualitatively the ground-state spin distributionssecond-order correction in the for(5) with the ij”’ in-
Indeed, looking at Fig. 10, which shows the differencedependent variables with medn8) and a variance which
-[AE@(N,S,+1)-AE?(N,S,)] as a function ofrs for sev-  can be computed using the method of Appendix A of Ref. 15:
eral values ofS, we see that forg=0.85, the interaction

vaiMi']_ 32 [FEeRax 1

<4 T T T T T AZ - fn'(kFL)Z Zﬂ/kFL X 4—XZU
%3 X{07 (%) + 8;[677 () + 577 (0)

< , —

12 +077 (V4 =xA)]}, (51)

n

12}
s where 577 (q/ks) =N(O)VZ7.. (a)/2. That the random-

' plane-wave model correctly describe the wave function sta-

OO
oL
n
A
=l
[
o
N
n
w

tistics is illustrated in Fig. 11 where the analytic expressions
* (48) and(51) are compared, as a function g to the result
FIG. 10. (Color onling Mean value of the gain in interaction from the actual eigenfunctions derived from KG6). The
energy FAE@(S,+1)-AE?(S)], as computed from Eq(50), analytic expression for the mean is expected to be quite re-

(thick lines and of the mean one-particle energy cgkin horizon-  liable and hence the good agreement. The variabagis
tal line9 associated with flipping the spin of one particle in the less accurate—because of the cutoff used, for instance—and
guantum dot. SolidS,=0; dot-dashed,=1/2; Dashed:S,=1. so we consider the agreement in Fig. 11 quite good.
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I

2 mum. As pointed out earlier, modifications of the wavefunc-

tions change the electronic density only if they mix occupied
and unoccupied orbitals. Therefore, when searching for a
new extremum of the spin density functional, with some
chance to actually get the true minimum, a natural choice is
to mix the last occupied orbitapy, with the first unoccupied
0.5+ - one ¢y, (for M=N/2=N,=Np).

- 1 - 1 Let us therefore look for approximationg” to the KS

I T ) H 1 o_ 40 R
e R D L e wavefunctions defined by = ¢ for i <M and

w

1.5

Probability Density
— [}

Spacing Spacing @0 = COS 07 by + SN 6 yya1,
FIG. 12. (Color onling Peak spacing distributions for the RMT/ v .
RPW model corresponding tq=0.3 (left) and 1.3(right). Solid: Pp+1 =~ SIN 7y + COS g, (52

evenN, dashed: oddN. Inset: corresponding spin distribution. with possibly a different value of the ang for the two

spinso=«a, B. For these wave functions, the Thomas-Fermi
Figure 12 displays the peak spacing and spin distributiorHamiltonian has a matrix element
for rg=0.3 (corresponding t¢al]) andrs=1.3 ([a4]) coming .
from a simulation in which the fluctuations of level spacing (om|H1elem+1) = COS 67Sin 07(€y11 — €M) (53
and of theMi‘ff"' are included. We see that the qualitative j terms of the Thomas-Fermi energigg., ande,.
behavior observed in Fig. 8—and in particular the lower Tpis change in the wave functions produces a modifica-
panel—is very well reproduced. Thus the RMT/RPW ap-tjon of the densitiesn?=|¢% |2~ @2 which, once screening

proach using the LSDA interaction is successful in compariig taken into account, itself generates a perturbation potential
son with the full SDFT calculation.

SU°(r)= > | dr'Vao . r)ene (r).  (54)
B. Spin contamination o'=a,B

As we saw in the previous sections, the statistical proper¢The modification of the other wavefunctions, except for
ties of the model quantum dots obtained from the full SDFTscreening this term, does not play a role hefhe self-
computation are, at least up tg~1.3, well reproduced by consistent condition for the angles#® is that
the various forms of the Strutinsky approximation. However,( oy [Hre| ey, ) +(em| 8U7(r)|¢f,1) =0.
we also saw that spin contamination, when present in the |n order to find matrix elements ofU?, let us consider
SDFT calculations, was actually degrading the accuracy ofor a moment the case=«. Equation(52) implies that
the Strutinsky approximation on a case by case basis. Indeed, s . w
by construction, the Strutinsky approximation as we pre- el = cod 6% — %) oy + sin(6° = 6°) iy 4 (55)
sented it cannot involve any spin contamination. Spin CONand, therefore,
tamination is a way, in the SDFT calculations, to lower the

energy of the system without changing the tatabmponent (oml U epyen) = 2 cog6” — P)sin(6* ~ 6°)1  (56)
of the spinS, by having different wave functions for the ith

and B orbitals. However, the eigenstates implicit in the

Strutinsky approach are almost identical to thoseélgf, ¢7, | = f drdr’ o a VB o a ,
and the¢? are nearly independent of the spin. | () @il Vadreenehf 1) eu(r") @inea(r)

In this section, we shall discuss how this spin contamina- S
tion mechanism could be understood within this Strutinsky = (Vstreenedrd/As (57)

sc_heme. Ra_thgr Fhan trying to consider the most general sitispare the |ast equality applies in lowest order iglthat is,
ation, we will limit ourselves to the case of even number o neglecting the fluctuations.

particle N, and a ground-state component spin equal ©©  Nting finally that the same reasoning can be applied to

Zero. ) ) . the B orbitals, we find that to get an extremum for the spin
Let Herlnrel=-(7%/2m)V=+UZc(r) be the Thomas-Fermi - jensity functional the angle&® and 6% should obey

Hamiltonian defining the orbitalg [see Eqs(14) and(16)]. . .

What we have done is to construct an approximate solution €0S 6” Sin 6% (ey+1 — €v) = 2 cog6” - ¢°)sin(6” - ¢°)

of the SDFT equationgs) asti’(r) =31 | ¢7(r)|? plus some ~ screene

screening charge. In this respect, ar% imp]ortant point was that X Ve 9FC/A (58)

the resulting potential chang8J“ given by Eq.(31) was and the analogous equation withand 8 interchanged. Ob-

such that the matrix elemef|6U?|¢7) for i #j was neg-  vious solutions are(6*=¢°=0), (6*=0, P=m/2), (6

ligible, to first order in 1¢. =m/2, #8=0), and(6*=6°=x/2). The first one corresponds
However, finding an approximate solution of the Kohn-to the standards=0 (non-spin-contaminatedsolution; the

Sham equation implies only that one has an extremum of thether ones involve promotion of particles from the last occu-

spin density functional, but not necessarily an absolute minipied orbital to the first unoccupied one, and so are obviously
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of higher energy. However, other solutions may exist. 2
Clearly they should fulfill > T
2 1.5
cos 6” sin % = cos #° sin ¢, (59 E i
that is, up to an irrelevant multiple af phase _‘? 1=
| [ 7
PB=— o (60) £ 05k
& | \ _
and, therefore, [} |
O 1 Ay |
e -1 0 1 2
cos ¥t =- —M1 M (61) Spacing
4<Vg<’:?eene}JFC/ A

FIG. 13. (Color onling Same as Fig. 1®), but with a residual
It can be checked that whenever the condit{éi) can be interaction modeled by a perturbative calculation in the interaction
fulfiled [i.e., when €M+1_5M$4<\A/gé€eene}1FC]a the corre- potential Vgpa(r —=r’) whose parameters are set by E¢4) and

sponding extremum has an energy smaller by a quantit§/65)'
Si(20°)[(Arc— (\o)rcl/ A with respect to the noncontami-

nated Configuration. In this situation, the Spin Contaminatecbeak Spacing and Spin distributions for chaotic quantum
S,=0 state will be favoredbut its energy still needs to be dots141517|n these earlier approaches, the ground-state en-
compared to the lowest energy state Wi+ 1). ergy of the quantum dot would, in a way very similar way to
Eqg. (19), be described as the sum of a large nonfluctuating
classical-like term, a one-particle energy contribution com-
VI. DISCUSSION puted for some effective confining potential, and finally a
residual interaction terE% . This latter would, however,
be understood as originating from a weak interaction
Vgpa(r =r’) which in the random phase approximation can

To summarize our findings, we have seen that upgto
values of order ongin practice, 1.3 hene the Strutinsky

approximation yields a ground state total energy with fluctu . .
ating part reliable up to typically 5% of the mean level spac-be shown to be just the RPA screened poteﬁ‘&réﬂ, b.Ut
ing. Furthermore, these errors can be related to the occu?_—hould be underst_ood more properly as the r_e5|_dual_|_nterac-
rence of spin contamination in the SDFT calculation, whichtlon between qua3|pa_rt|cles In Landa_lu _Ferm|-I|qU|d spirit. We
cannot be reproduced by the Strutinsky schémets sim- shall thus refer to t.h'.s Iat.ter de_scrlptlon as the “RPA” ap-
plest form). Indeed, as discussed in the last section, this Iatteproa%hl’ alltqhough §h|sk|s shghtly mapproprlate. .
gives, by construction, an approximation to an extremum of . While the Strutinsky approximation to SDFT gives a re-
the Kohn-Sham functional for which theand 8 orbitals are sidual interaction which can be _understood as a flrst_—order
nearly identical, but not necessarily an approximation to th@erturbation (without exchangp in terms of the spin-
true minimum. dependent pot(—;-nt|51I2_6), in contrast one has in the RPA_
Nevertheless, the qualitative properties of the peak Spa@pproa_ch a reS|duaI interaction arising from the _perturbanve
ing and spin distribution are correctly reproduced by theCOTTECtions in SOomM&/gp,(r,r’) (including both direct and
Strutinsky approximatiorat least up ta’s of order one, for €xchanggas well as possibly higher-order terms which turn
which spin contamination does not appear to change drastRUt t0 be important for time-reversal invariant systetiee
cally the distributions For a chaotic confining potential this COOPer series Under this assumption and following exactly
makes it possible to use the modeling in terms of randonjl’® Same analysis as the one leading to(Eg), one gets for
matrix theory (for the energy levelsand random plane the mean residual interaction term in the RPA approach
waves(for the eigenstatgsntroduced in Ref. 15. Within this ) _
RMT/RPW modeling, and in the limit of large dots for which AERpA(N,S) =JsS(S,+ D) + L(pr — DS,
fluctuations of the residual interaction term are small, the + (term depending ol only)  (63)
main features of the peak spacing and spin distributions can o . .
be understood as arising from the interplay between one pafagainur=2 but would be 1 if time-reversal invariance were
ticle level fluctuations and the spin dependence of the meafiroken.

residual interaction terrfsee Eq(50)] In Eq. (63), the parametels is equal to {(/(q)),:c, where
T ) wr the Fermi circle average is defined by E49) andVRpA(q)
AEQ(N,S) =\ - — (A= (AJrIS, is the Fourier transform ofrpa(r —r’). More properly how-

_ ever, one should understardd as being related to Fermi
+ (term depending ofl only). (62)  Jiquid parameterf® through

It is useful to compare this expression, as well as the JS/A:f(a). (64)
corresponding distributions based on RMT/RPW modeling 0
such as those in Fig. J@hich actually take into account the In first-order perturbation theory,would be equal tdg, but
fluctuations of the residual interaction texnto what is ob-  screening associated with higher order terms in the Cooper
tained following the more traditional route to the analysis ofchannel somewhat reduces this vat®&® For mesoscopic
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TABLE |. Ground-state spin probability for various model introduced in this paper. The two first lines
correspond, respectively, to the SDFT calculation and Strutinsky approximatsing Eq.(25)] for the
quartic oscillator systems introduced in Sec. IV. The statistics are built from the ground-state spin of dots
containing 100 to 200 electrons, for a few confining potential corresponding to an interaction pamgmeter
=1.3. The three last lines are the results of RMT/RPW modeling for 150 electron and the same value of the
interaction parameters, and, respectively, the interaction derived from SDfTird line), the “RPA-like”
interaction using a unscreened Cooper channel, i.e., such thédB@pplies butf=Jg (fourth line) and the
“RPA-like” interaction using a screened Cooper channel, i.e., such that&)sand(65) apply (fifth line).

model S=0 S=1/2 S=1 s=3/2 S=2
SDFT 0.42+0.03 0.76+0.03 0.54+0.03 0.23+0.03 0.03+0.01
ST 0.34+0.03 0.74+0.03 0.61+0.03 0.25+0.03 0.04%0.01
ST /RPW 0.28 0.68 0.62 0.30 0.09
RPA/RPW(unscreened Coopger 0.48 0.84 0.49 0.16 0.03
RPA/RPW(screened Cooper 0.58 0.89 0.40 0.11 0.02

ballistic systems, an analysis following the lines of Ref. 37sure of the effectiveness of spin contamination in lowering
suggests that the total spin of the system. Going further down the table, the
difference between the third and the two last lines is a mea-

= Js (65) sure of the impact of different linear terms#in Eqgs.(62)
RE ' and (63), without screening the Cooper channel for the
1+ X'n(kFL) fourth line and with a screened Cooper charjaetording to
Eq. (65)] for the last line of the table.
with ke the Fermi momentum ant the typical size of the From Table I, it appears that within the accuracy of the

system. We shall assume this in the following discussionRMT/RPW modeling, which seems to be around 5%, the

bearing, in mind that this is true only “up to logarithmic SDFT result is compatible with an RPA-like approach if the

accuracy.” Cooper channel is not screened. In other words, the fact that
The remarkable point here is thaf*{ry)/A is actually  ((A\Jrc=(\o)ec)/2 is more negative thak=\*"*—producing

the same thing a&”(r,), in the sense that the Landau Fermi- higher spins—is compensated by the effect of spin

liquid parameterfga)(rs) can be interpreted as the second de-contamination—which favors lower spins. As seen in Ref.

rivative with respect to the polarization, at fixed total density, 13+ this compensation between the two effects seems to exist

of €, the exchange correlation energy per particle of theals‘_) fo_r higher ValL_‘e_S afs. On the other hand, spin contami-
uniform electron gas. This implies that the term quadratic in"ation is not a sufficiently strong effect to compensate for the

S, of Egs.(62) and (63) actually do correspond. absence qf screenin.g of th_e Cooper channel. '
As a consequence if we compare Fig.(H)2 which is It remains to decide which of the two approaches is the

obtained from a RMT/RPW simulation with the interaction More correct. This, in the end, can only be addressed by
corresponding to the spin density functional, with Fig. 13,comparison with exact calculations for quantum d@s.,
obtained in the same way but with an “RPA-like” duantum Monte Carlo One argument that may be consid-
interaction? the differences in spin polarization and in odd/ €réd is that in the presence of a time-reversal breaking term

even asymmetry for the peak spacing distribution can bél-€~ #1=1), general symmetry considerations impose that

almost entirely associated with the different lin&terms in the mean value of the residual interaction term is a function
Eqs.(62) and (63). of S(S+1), but not independently o8 and S. Expressions

To get some further insight into the difference between(62 clearly do not fulfill this constraint, while Eq63) does.
the two approaches, let us consider Table | which shows the!nce however, spin contamination seems to compensate for
spin distributions for an interaction parametgr=1.3 and this Q|ﬁerence it might just be that fo.r time-reversal nonsym-
various approximations discussed in this paper. Comparinf§€tric systems, SDFT and RPA basically agree. On the other
different pairs of lines gives a sense of the importance of théand, the screening of the Cooper channel does not seem to
various issues. For instance, comparing the second line withe réproduced by the SDFT calculations, and this might be
the third gives an idea of how accurate the RMT/RPW modefh€ cause of the higher spin found in this approach.
is for the statistical properties of the real energy levels and
eigenfunctions of the quartic oscillator system, since both
lines are based on the same spin-dependent intera@&n ACKNOWLEDGMENTS
The first line compared to the second, on the other hand, is a
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