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Mesoscopic fluctuations in quantum dots in the Kondo regime
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Properties of the Kondo effect in quantum dots depend sensitively on the coupling parameters and so on the
realization of the quantum dot—the Kondo temperature itself becomes a mesoscopic quantity. Assuming
chaotic dynamics in the dot, we use random matrix theory to calculate the distribution of both the Kondo
temperature and the conductance in the Coulomb blockade regime. We study two experimentally relevant
cases: leads with single channels and leads with many channels. In the single-channel case, the distribution of
the conductance is very wide 3% fluctuates on a logarithmic scale. As the number of channels increases,
there is a slow crossover to a self-averaging regime.

DOI: 10.1103/PhysRevB.68.161305 PACS nuntder73.23.Hk, 72.15.Qm, 73.63.Kv

Advances in fabrication of nanoscale devices have made Whether the temperaturg is larger or smaller than the
possible unprecedented control over their propeftdile  typical width of the resonances, has a large effect on the
the transport properties of quantum dots—systems of eledlot’s conductance. As long a>1", transport proceeds by
trons confined to small regions of space—have been studiegither resonant tunnelingpeaks or the off-resonant process
extensively, it is only recently that their many-body aspectsnown as cotunnelingvalleys.” However, wherT is suffi-
have been probéd using the exquisite control now avail- ciently small many-body effects become important; in par-
able. On the other hand, a continually fascinating aspect dfcular, atT=0 if N is odd the conductance can be of the
nanophysics is the presence of quantum coherence and tRéder of the conductance quantued/h in the Coulomb
interference “fluctuations” that it engendelé.It is natural, ~ Plockade valleys where naively one expects a strong suppres-
then, to ask how this classic mesoscopic physics effect influSion Of the conductanc®’ Only recently have experiments

: 13
ences the newly found many-body aspects. actually seen this enhancemé?ﬂ._
Quantum dots are usually formed in one of two ways: The temperature scale at which these many-body effects

either by depleting a two-dimensional electron gas at théjevelop is called the Kondo temperatdig.”” This scale is

interface of a GaAs/AlGaAs heterostructure-semiconduc- exponentially sensitive to the tunneling rates from the leads

) to the dot. Since these tunneling rates depend on the wave
tor quantum dot(SQD) (Ref. I—or by attaching leads to functions of the dotTx shows mesoscopic fluctuations.

Experimentally, mesoscopic fluctuations of the Kondo ef-

because of the energy required to localize the charge. Th'ﬁeld in the Kondo regime is shown. In addition, the frequent
regime 1S knoyvn as the Coulomp blockal@eB). In a SQD, observation of the Kondo effect in certain valleys but not
one attains this regime by reducing the number of propaga bthers! suggests that mesoscopics plays a role. Likewise, the
ing channels in the leads; after the threshold of the loweslgbservation of the Kondo effect in two adjacént vali'éy,s
transverse mode becomes larger than the Fermi energy in ﬂé?gues for the important role of fluctuatiohs

leads, an effective 1D tunneling barrier is formed in this :

. T . At low temperatures;T¢ is the only important energy
lowest mode. In a MQD, in contrast, tunneling JunCtIonSscale}4 and thus one can calculate the distribution of any

L he less can be made by oxidzing e suiace o MSropeny guen te isnbuton f We il ocus o e
: purp onductance as it is the most relevant experimentally.

of a MQD there are many channels propagating Eat Assuming chaotic dynamics in the dot, we use random

whgregg Igcﬁsglségﬁr?irl]s ?QIZI ?nn:téllic ate. one can Con_matrix theory to calculate the distribution @% in the CB
trol t{1e drt))t’s oteyntial F;:lllog\llvin current togflov(/ and bringin valleys. We restrict our attention to the case of dddnd
P ] 9 99 s 1/2 and study how the fluctuations depend on the number

out mesoscopic effecisFor certain yalues of the gate volt- of propagating channels. We go on to calculate the distribu-
ageVy, the eIeptrostauc energy difference l.)etwe‘érjand . tion of the conductance @&i=0 and discuss the effect of
N+1 electrons in the dot is balanced by the interaction Wlthfinite temperature

the gate: an electron can freely jump from the left lead onto o o A

the dot and then into the other lead. This produces a peak in "€ Hamiltonian The Hamiltonian of the systent

the conductance at thigy. By changing the gate voltage, =HudortHieadstH1, consists of the quantum dot's Hamil-
one can observe large peaks followed by valleys. Both théonian, the Hamiltonian of the leads, and the tunneling
peak heights and peak spacings fluctuate as one Wgies Hamiltonian which describes dot-lead couplingy, has

The distribution and correlations of the peak heights andoth a one-body part and an interaction part. Impurities
spacings have been studied experimentally, as well as theand/or scattering from the boundaries are taken into account
retically using random matrix theoryRMT).* In general, statistically by using a random matrix model for the one-
there is agreement between experiment and tH&Gry. body Hamiltonian. The most important interactions of the
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electrons on the dot are the charging effect and exchangethe dot, denoting the new creation and destruction operators
Thus, we find in the leadsz” andz. If we choose

leo

':'dot:jE £1¢/,Cjo T Ec(N—N)?=3sS, oy Z}ep= 2 (Tmj_Cheo)/t0, (4)
o mel

wheree; is the single-particle energy spectrum on the dot; WheretL:(EmeLTﬁques)llz and similarily choosez; in terms

is the dimensionless gate voltage used to tune the number 8} meR, only one channel couples to the guantum dot on

electrons on the doAtfl is the number operator for excess gach lead. We may choose the remaining channels in any

electrons on the dof is the spin operator; ands andEc \yay just making sure they are orthonormalzio,. This de-

are the exchange constant and charging energy, respectivefines’ a unitary rotation matrii, the first two rows of which
The Hamiltonian of the leads differs in the SQD and\ye have specifief The Hamiltonian has now been effec-

MQD cases. In the SQD, a tunneling junction is made by;yely reduced to two part€1) two single-channel leads con-

pinching until just after the last propagating mode is Cutpecied to a quantum dot with tunneling matrix elemexqts
off—the lead is effectively 1D. In the MQD, the leads are andtg, and(2) N, +Ng—2 decoupled channel§.

wide and many propagating channels can tunnel through thé the gecoupled channels do not contribute, and the solu-
oxide barrier. In the general caseMf andNg channels, we - tion 1o the first problem is available in the literatdr@y
can label all the states in the leads by a channel index and 1P1aking another rotation iR-L space, one can reduce the
momentum, Hieags== (€t Em?CInk(rka(r! where e,+En  problem to a one-channel Kondo problem plus a decoupled
are the one-particle energies in tinth channel with momen-  channel. Thus all the thermodynamic properties of the quan-
tum k. tum dot are those of a one-channel Kondo problem. For the
Finally, the Hamiltonian for the dot-lead coupling is; ~ conductance, one must rotate back to the original basis of
:E(tmjé;rnkgajo"— H.c.), wheret,, are the matrix elements leads. We may use the Kubo formula to calculate the con-

for each of theN, + Ng quantum cr;annels tunneling into the ductance at finite temperatures with the result
jth state of the quantum doft,,;|- is proportional to the _
intensity of the wave functioj1|ittn tjr|1e dot. We assume that it Gr=GoF«(T/Tw), ©
is independent ok in the lead since the typical energy scale G, is defined in terms of the level widthsl',,
for changing wave functions in the clean leads is much larger 27”’m|tmjreJ2 by
than other relevant energy scales.

We would like to rewrite this Hamiltonian in terms of

energy rather than momentum states in the leads. We define 262 .EEL FigR Iy
new operatorsc) _ =cl . |de/dk|~Y? which create states Go=4-— > (6)
with energye=E,+#2k?/2m in the mth channel. The nor- > ri)

ieL,R

malization is chosen so thdft,,c;,]=8(k—k’) implies C T _ R Hioh has b
[C.,Cl.]=8(e—€'). In terms of these operators, the Hamil- «(T/Ty) is a universal function which has  been

toriar calculated®® using the numerical renormalization group
onian 1s technique.
A = dee(cl & , 2 Fluctuations of T . Be.cause of the .exponential sensitivity
- % (CmesCeo) @ of T on the wave functions, fluctuations are expected to be

strong in the weak tunneling regime of a SQD. As one in-
. apoa creases the number of channels one obtains self-averaging.
HT:% def tmiCmeCjot H-CL, (3 Our goal is to study the crossover between these two limits.
For a simple Anderson model for the quantum dot, the
with Ty;=tm;|de/dk|*2 Note that even for the samethe ~ Kondo temperature from a scaling arguniérig
derivatives and the lower limits on the integrals will be dif-

2 1/2
ferent for different channels. T U E . €o(egtU) @
Mapping to single-channel Anderson madehe Hamil- K m U 2 TU '

tonian of the system bears close resemblance té-anannel

impurity problem. However, since we are considering $he whereeq is negative and measures the energy difference be-
=1/2 oddN valley Kondo regimé€, only one of the spatial tweenEg and the singly occupied level on the dbtis the
states in the dots is of consequence, namely the highest ewidth of the level, andJ =2E_ is the on-site interaction. In
ergy orbital which we shall refer to gs... When the ampli- the case of a quantum dot, we have to correct for the fact that
tude from this one level leaks out through the barriers it isthe spectrum in the dot is dense, and thus the high-energy
intuitively plausible that it couples to only one linear combi- cutoff for the Kondo Hamiltonian is not given by but by
nation of the transverse wave functions in the leads. Hencthe mean spacing.’?° Varying Vg adjustse,; expressing

we look for a rotation in the channel basis that chooses théhis as a fraction olU by choosingey= —xU(x>0), we
correct wave function in the leads to couple to lejyglon  write T as
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FIG. 1. (Color online The moments of the distribution @i as
a function of the number of channels in the leadg, [Eq. (12)]. FIG. 2. Probability density offc, P(Ty), calculated numeri-
The first three moments are shown—averadetted, root mean cally forT=0.2U andx=1/2 in four casesN,=1, 2, 4, and 50.
square(dot-dashel] and asymmetrysolid). The moments indicate  The majn panels are on a linear scale while the insets are the dis-
that the distribution is badly behaved for smblly, while it be-  ipytion of InT,. The distributions for smalNg, are very broad
comes reasonable fdd,,> 10. while that forN.,= 50 is reasonably behaved, though not yet Gauss-
ian. Note that applying a magnetic field doubles the number of

. A I‘)l’z [{ mx(1—x) U - effective channels in the leads—changiid,,=2 to 4, for
=7 e instance—and so increases the probability of seeing a Kondo effect.
< x(1-x) \U 2 T p y g

logarithmic fluctuations inherent in the Kondo effect are re-
‘duced until something well behaved is obtained.

In Fig. 1, we have plotted the average, rms, as well as
bic deviation as a function of the number of channels us-

To calculate the distribution of the Kondo temperatures
one needs an appropriate distribution for For simplicity,
we assume that the different channels in the lead couple to,

the dot wave function in a similar way on average so that th ng Eq. (12). The number of channels at which there is a

average level widths for all the channels are the same aérossover, from logarithmic fluctuations to a distribution well

though they fluctuate independently. We allow, however, for . . : -
a different number of channels in the left and right Ieads.charactenzed by its mean and variance, is abyt-10. We

From random matrix theory, it is known that the total level also note that the cubic moment and rms decay only algebra-

. o ) . _ ically and so the crossover to self-averaging is slow—there is
width follows a )= distribution with Nen=S(N_+Ng) de-isea1em associated with this crossover. The main features
grees of freedorfi:

of the dependence d¥., are clearly borne out in the numeri-

N2 cal results for the full distribution shown in Fig. 2.
P(I)= L_ 1 FNCrﬁflechhl"/ZF, 9) Zero temperatureln tht_a case of many chann_els coupled
2T (Ney2—1)! to the quantum dot{Ty) is a meaningful quantity and we
) ) can define aT=0 regime. To calculate the distribution of
where 8= 1(2) with(out) time reversal symmetry. conductance at zero temperature, we @g=Gy(T=0)

The distribution ofty =T yx(1—x)/A follows from Egs.  taken from Eq(8). This distribution is also a good approxi-
(10 and (11). While we have not been able to obtain a mation in the cas&l, >Ng as Ty depends orN, +Ng and
closed-form expression foP(tc), we can calculate all its hence does not fluctuate as muchGas
moments: Using again the random matrix theory restili) for the

level widths, the result in closed form is:

o 2(aNgy)Net'? [ rx(1—x)n| (" Nen)’
(= Ne2- 101 |~ 2an,, e L K@M kg
X K V 97N [k(g)—1][1+k(g)]I(NHNR2I=3"
(n+Ngy2l V2manNepx(1=x) ], (10
wherea= U/2FandKn(z) is the modified Bessel function of 1 1 4
the second kind. k(g)=—-1+ E+ > E ~g (13)

Note, first, that wherP(I") is broad, as foNy =1 or 2,
the fluctuations off are on a logarithmic scale and so are whereg is defined byG=4(2e?/h)g.
huge. On the other hand, the Kondo temperature depends on We have plotted®(g) in Fig. 3 for three different channel
only the sum of the decay widths. On adding more channelgealizations to emphasize that the distribution function can
one gets a sharply peaked function or Thus, the huge be changed quite dramatically by changiNg andNg. As
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30 : - - T - | : channels in the left and right lea(®) we have calculated the
~ — — N,=10 & N, =250 distribution of bothTy (Figs. 1 and 2and the prefactoG,
I\ .. N =40 &N =250 (Fig. 3); (3) at T=0, fluctuations are dominated by the pref-
I\  N=s&N=s actor, and Eq(13) gives the distribution.
I - 8 Turning to a comparison with the experiments, we first
note that most of the experimental dots were not in the deep
Coulomb blockade regim® 2 and so application of our
results is problematic because we have neglected charge
fluctuations. Nonetheless, we use our theory to make a few
experimentally relevant estimates. One of the difficulties in
the experiments is finding several odd valleys in a row which
show the Kondo effect The changing characteristics of the
. . dot as a function of gate voltages contribute to this difficulty,
e aa a7 it but the mesoscopic fluctuations Bk will also play a role.
Conductance (in units of 2¢/h) RMT predicts that neighboring energy levels have com-
pletely uncorrelated wave functions and so thatin se-
FIG. 3. (Color onling Probability density of the conductance for quential oddN valleys are uncorrelated. For the dots of Ref.
three different sets ofN_ ,Ng) in the T=0 regime. 12, for instance, we estimate tiBt>T in about 0.4 of the
. . odd valleys(using(I'/U)=0.2 andT/A=0.02).
expected, n the symmetric case the most probable conduc- gy cyations ofG, can also be generated by continuous
tance is 2¢7/h). By putting in some asymmetry, We €an yning parameters such as magnetic field, revealing a corre-
obtain a variety of distributions. Note, in particular, the |a40n scale. The expected scale is the semiclassical scale for
highly asymmetric case in which the d|st_r|but|on peaks at &hanging chaotic wave functions. Interestingly, in Ref. 12
conductance much smaller thane2(h). Since the fluctua-  {hese fluctuations are correlated on a scale which is an order
tions of Ty depend on the sum df;, we expectin a heavily 4t magnitude larger. This is consistent with measurements of
asymmetric case that the zero-temperature result will show,e correlations in CB valleys in the cotunneling regithe.
even at finite temperatures. Such a situation may be realizedgither measurement is understood at this time.
in a metallic particle when one of the “leads” is a scanning
tunneling microscope tip. We thank P. Brouwer, L. Glazman, K. Matveev, E. Muc-
Conclusions Our main results arél) the Kondo en- ciolo, and G. Usaj for useful discussions. This work was
hanced conductance is given by E@) for any number of supported in part by the NSfrant No. DMR-01030083

20 \

Probability of G¢

—_
=

|
|
|
o
|
|
|
/

1L. P. Kouwenhoven, C. M. Marcus, P. L. McEuen, S. Tarucha, R. 84, 5824(2000.
M. Westervelt, and N. S. Wingreen, iklesoscopic Electron *A. C. Hewson, inThe Kondo Problem to Heavy Fermiof@am-

Transport Vol. 345 of NATO Advanced Studies Institutgeries brige University Press, Cambrige, 1993
E: Applied Sciencesedited by L. Sohn, L. Kouwenhoven, and °Note the statistical properties of the tunneling matrix elements are
G. Scha (Kluwer, Dordrecht, 19977 pp. 105-214. not invariant under this transformation because the random ma-
2J. von Delft and D. Ralph, Phys. Rep45, 61 (2007). trix model does not apply to the leads.
3M. Pustilnik, L.I. Glazman, D.H. Cobden, and L.P. Kouwen- ®While preparing this work for publication, we became aware of
hoven, Lect. Notes Phy8, 579 (200J. two papers with a similar result: S.Y. Cho, H.-Q. Zhou, and R.H.
4Y. Alhassid, Rev. Mod. Phys72, 895 (2000. McKenzie, Phys. Rev. B58, 125327(2003; P. Simon and I.
5G. Usaj and H.U. Baranger, Phys. Rev6B 155333(2002. Affleck, ibid. 68, 125304(2003.
6G. Usaj and H.U. Baranger, Phys. Rev6B 121308(2003. 7. I. Glazman and M. Pustilnik, ifNew Directions in Mesoscopic
7I.L. Aleiner, P.W. Brouwer, and L.l. Glazman, Phys. R&58 Physics\ol. 125 of NATO Advanced Studies Institute, Series Il:
309 (2002. Math, Physics and Chemistrgdited by R. Fazio, V. F. Gantma-
8L.I. Glazman and M.E. Raikh, Pis’'ma zZh. Eksp. Teor. M7, kher, and Y. Imry(Kluwer, Dordrecht, 2002
378(1988 [JETP Lett.47, 452(1988]. 18K.G. Wilson, Rev. Mod. PhysA7, 773 (1975.
9T.K. Ng and P.A. Lee, Phys. Rev. Lefil, 1768(1988. 19T A. Costi, A.C. Hewson, and V. Zlatjid. Phys.: Condens. Matter
0D, Goldhaber-Gordon, J. @es, M.A. Kastner, H. Shtriktman, D. 6, 2519(1994.
Mahalu, and U. Meirav, Phys. Rev. Le&l, 5225(1998. 20F D.M. Haldane, J. Phys. €1, 5015(1978.
115 M. Cronenwett, T.H. Oosterkamp, and L.P. Kouwenhoven, Sci?tA. M. Chang, H. Jeong, and M. R. Melloch, iiectron Transport
ence281, 540(1998. in Quantum Dots edited by J.A. Bird(Kluwer, New York,

2W.G. van der Weil, S.D. Franceschi, T. Fujisawa, J.M. Elzerman, 2003.
S. Tarucha, and L.P. Kouwenhoven, Scie@88, 2105(2000. 2235 M. Cronenwett, S.R. Patel, C.M. Marcus, K. Campman, and
133, Schmid, J. Weis, K. Eberl, and K.v. Klitzing, Phys. Rev. Lett. ~ A.C. Gossard, Phys. Rev. Left9, 2312(1997.

161305-4



