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Resonance in periodically inhibited reaction–diffusion systems
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Abstract

We have conducted experiments on a periodically inhibited oscillatory Belousov–Zhabotinsky (BZ) reaction–diffusion
system in a regime in which the patterns oscillate at half the frequency of the forcing (the 2:1 resonance regime). The periodic
perturbations of the photosensitive (ruthenium-catalyzed) reaction are made with light, which inhibits the oscillatory behavior.
Increasing the light intensity increases the refractory period (time for recovery from inhibition), which decreases the oscillation
frequency of the patterns in the medium. We investigate the behavior for two different levels of inhibitor concentration in the
reagent feed to determine the shape of the 2:1 resonant regime as a function of the forcing intensity and forcing frequency.
At high forcing intensity, the inhibition leads to a transition from traveling waves (spirals) to standing waves. Simulations
of a reaction–diffusion model with FitzHugh–Nagumo kinetics yield behavior similar to that observed in the experiments.
© 2002 Elsevier Science B.V. All rights reserved.
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1. Introduction

The effect of inhibitory stimuli[1–3] on oscillatory
behavior has been studied in biological systems such
as cardiac muscle cells[4] and networks of nerve cells
[5,6]. We examine the effect of an inhibitory stimulus
on the ruthenium-catalyzed Belousov–Zhabotinsky
(BZ) reaction–diffusion system, where the inhibition
is produced by illumination with visible light[7]. The
light-sensitive BZ reaction has been used in previous
studies of resonant entrainment of spiral tips[8–12],
pattern formation in systems controlled via global
feedback[3,13], stochastic resonance[14,15], spiral
breakup[16], and wavesplitting[17].
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In the BZ reaction, the increased inhibitor con-
centration produced by illumination of the reacting
medium increases the refractory period of the medium
(the time the system needs to recover after it is
stimulated), and as a result decreases the oscillation
frequency[18]. We examine the effect of periodic
perturbations for two different sets of chemical con-
ditions, one that has low concentration of inhibitor
in the reagents fed to the reactor; this results in high
frequency rotating spirals, while a high concentration
of inhibitor in the reagent feed results in low fre-
quency rotating spiral patterns. We will refer to the
former case as weakly inhibited and the latter case as
strongly inhibited.

We perturb the light-sensitive oscillatory reaction
with spatially uniform light that is modulated pe-
riodically in time. The reaction occurs in a porous
membrane. This system, oscillating with frequency
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fR, can lock to the forcing frequencyfF in rational
ratios offF:fR [2,3,19]. We observe a tongue-shaped
2:1 resonant regime as a function of the forcing in-
tensity and frequency, and we compare the behavior
observed for the two different levels of inhibitor feed
concentrations. We find that the level of inhibitor
concentration in the ruthenium-catalyzed BZ reaction
plays an important role in determining the shape of
the lockedfF:fR entrainment bands[20], which are
analogous to the Arnol’d tongues of a forced single
nonlinear oscillator[21].

In Section 2, we describe the experimental system
and data analysis.Section 3describes how inhibition
produced with light affects the reaction.Section 4
presents observations of the 2:1 resonance tongues
for both the weakly inhibited and strongly inhib-
ited systems.Section 5 presents simulations of a
reaction–diffusion model with FitzHugh–Nagumo
(FN) kinetics, and compares the results of the simu-
lations to the experimental observations. The conclu-
sions are presented inSection 6.

2. Experiment

Our experiment used a stirred continuous flow re-
actor [2,18,20,22], as shown schematically inFig. 1.
In the reactor a thin, porous Vycor glass membrane

Fig. 1. Schematic diagram of the experiment (not to scale). The BZ reagents from two reservoirs (I, II) diffused into a porous Vycor glass
membrane (0.4 mm thick, 22 mm diameter) sandwiched between the two reservoirs. The reaction–diffusion patterns formed in the porous
glass. In this study, the pattern wavelength was much larger than the thickness of the thin layer in the porous glass where the patterns formed,
so the patterns were quasi-two-dimensional. The reactor was periodically perturbed using spatially homogeneous light from a video projector.
The reservoirs, each 8.3 ml in volume, were refreshed at a constant rate (20 ml/h for reservoir I, 5 ml/h for reservoir II). Concentrations of
bromate ([BrO−

3 ]) and bromomalonic acid([BrMA] ) in reservoir I were varied during experiments. The other concentrations were fixed: in
reservoir I, 0.80 M sulfuric acid; in reservoir II, 0.18 M potassium bromate, 1×10−3 M Tris(2,2’-bipyridyl)dichlororuthenium(II)hexahydrate,
and 0.80 M sulfuric acid. All experiments were performed at room temperature.

separated two reservoirs that contain the different
BZ reagents. The average pore size in the membrane
was 10 nm, permitting reagents to diffuse through
the membrane where the reaction takes place, while
preventing large scale convective motion. Magnetic
stirring bars at the bottom of each reservoir pro-
vided mixing, allowing a homogeneous exchange of
reagents at the membrane surfaces.

The patterns that formed in the membrane were de-
tected by measuring the transmission of light through
the reacting medium using a time-independent spa-
tially uniform low intensity light source (45 W/m2).
Light transmitted through the membrane was detected
with a CCD camera. The camera input was bandpass
filtered at 451 nm (filter width 18 nm), which is in the
middle of the absorption band of the reduced catalyst,
Ru(II). Regions of high Ru(II) concentration absorbed
light and appeared dark in our gray scale images. The
ruthenium in reservoir II was in the oxidized state,
allowing transmission of the imaging light through
the solution. Images were recorded every 2 s.

In the absence of forcing, the reaction in the mem-
brane formed rotating spiral patterns of Ru(II) con-
centration. The fronts from two spirals annihilated
when they collided, a characteristic of excitable media
with a refractory period. For the conditions studied
in this paper, we always observed oscillatory behav-
ior because imperfections in the membrane or at the
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boundaries acted as pacemakers. The frequency and
wavelength of the unforced spiral waves depended on
the concentrations of the reagents in the two reservoirs
[18,23].

The light-sensitive reaction was forced using blue
light from a Sanyo 3LCP video projector. The in-
tensity and spatial homogeneity of the light were
computer-controlled using the projector’s liquid crys-
tal display. To produce spatially homogeneous illu-
mination, the intensity of each pixel was adjusted
until the light reflected from a gray card was spatially
uniform [18]. The intensity of the forcing light was
continuously monitored using a photodiode. The peri-
odic forcing experiments were conducted with square

Fig. 2. Unforced spiral patterns under different chemical conditions. (a) Spiral waves with a short refractory period (weakly inhibited
medium), [BrMA] = 0.220 M, [BrO−

3 ] = 0.230 M, ι ≡ [BrMA] /[BrO−
3 ] = 0.96. (b) Spiral waves with a long refractory period (strongly

inhibited medium), [BrMA]= 0.300 M, [BrO−
3 ] = 0.136 M, ι = 2.2. The images on the left show a 9 mm×9 mm region of the pattern,

and the graphs on the right show the intensity as a function of position along the black line through each image on the left. White regions
in the images correspond to low concentrations of Ru(II), or excitation fronts. Dark regions correspond to high concentrations of Ru(II)
where the medium is in a non-excited or refractory state.

wave modulation of the light intensity, obtained by
blocking the light (intensityγ 2) during half of each
forcing period (1/fF).

To determine if a pattern in the membrane was
frequency locked, we calculated the power spectrum
of the time series for each pixel in a 100× 100
array (a 9 mm×9 mm area of the membrane). The
signal-to-noise of the time series from an individual
pixel was too low to diagnose phase locking from
the phase information. The 10,000 power spectra
were summed, and the pattern’s primary response
frequency (fR) was determined from the summed
spectrum. Patterns were designated 2:1 frequency
locked when the ratiofF/fR was 2.0 ± 0.1.
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3. Inhibition in the BZ reaction

In this section, we first discuss the effect of varying
chemical concentrations on the spiral frequency of the
unforced BZ system. Then we show how forcing with
light alters spiral behavior.

3.1. Chemical dynamics

In the BZ reaction, ruthenium catalyzes the oxida-
tion of bromate, forming bromous acid in the presence
of sulfuric acid and malonic acid. The production of
bromous acid leads to further oxidation of bromate
in the system[24], and Ru(II) is converted to Ru(III)
during this auto-catalytic process. In a spatially ex-
tended BZ medium of high Ru(II) concentration,
self-propagating waves of rapidly increased levels

Fig. 3. Oscillation frequencies measured for the spatially homogeneous system,fH (�), and for spirals in the absence of light forcing,
fS (�), as a function of (a) 1/[BrO−

3 ] and (b) [BrMA], in reservoir I. The dependence of the frequencies on the concentration ratio,
ι ≡ [BrMA] /[BrO−

3 ], is shown in (c). The symbols� and� correspond respectively to the weakly inhibited and strongly inhibited spirals
shown inFig. 2. In (a) [BrMA] was fixed at 220 mM; in (b) [BrO−3 ] was fixed at 184 mM.

of Ru(III) form fronts of auto-catalysis (excitation
fronts). An excitation results in a rapid increase in
the concentration of the inhibitor Br− beyond a criti-
cal threshold. Another wave of auto-catalytic activity
cannot be initiated until the [Br−] falls below the
inhibition threshold. The refractory period is the time
between the excitation of a front and the later return of
inhibitor concentration to below the threshold value.

Examples of unforced spirals corresponding to
weakly inhibited and strongly inhibited chemical
kinetics are shown inFig. 2. The frequencyfS of
unforced stable rotating spirals is shown inFig. 3 for
varying concentrations of bromate and bromomalonic
acid (the source of Br−, the inhibitor) in reservoir
I. A measure of the inhibition is given by the con-
centration ratioι ≡ [BrMA] /[BrO−

3 ]. For the weakly
inhibited system,ι = 0.96, spirals of high frequency
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(0.072 Hz) form with a sinusoidal wave profile, as
shown inFig. 2(a). The unforced spiral frequencyfS

decreases (seeFig. 3) and the spiral wave profile be-
comes relaxational with a higher concentration of the
inhibitor source (BrMA), or a lower concentration of
the activator species (BrO−3 ). Fig. 2(b) is an example
of a strongly inhibited spiral,ι = 2.2. The medium
is so strongly inhibited forι > 2.3 that it no longer
oscillates; spirals do not form in the membrane.

3.2. Effect of light

The effect of light is well understood for the
ruthenium-catalyzed BZ reaction in a homogeneous
(well-stirred) reactor [7]: light in the absorption
band centered at 450 nm increases the release of
free bromide, which inhibits the reaction. Increased
illumination intensity lowers the frequency of oscilla-
tion because of the longer refractory period between
excitations. At a critical illumination intensity, all
excitations are inhibited and oscillations cease.

We determined the effect of light on both the
underlying homogeneous frequency of the spatially
extended system and on the frequency of the rotating
spiral pattern. To determine the oscillation frequency

Fig. 4. Spiral frequency as a function of static (time-independent) light intensity for different chemical concentrationsι ≡ [BrMA] /[BrO−
3 ]:

(�) ι = 0.95 (weakly inhibited), (�) ι = 1.20, (�) ι = 2.20 (strongly inhibited). The other chemical conditions are given in the caption
of Fig. 1.

of the homogeneous medium, the spiral pattern is
annihilated (inhibited) with a high intensity light
pulse (30 s duration), which results in a refractory
period so long that the spirals cannot propagate. Thus
all points in space are phase synchronized in the
same inhibited chemical state. After the light pulse is
turned off, phase-synchronized (homogeneous) oscil-
lations emerge. Our measurements of the frequency
fH of these homogeneous oscillations are shown in
Fig. 3 for different concentrations of [BrMA] and
[BrO−

3 ]. For the chemical concentrations used in our
experiments, the frequencyfH (0.02 Hz) is found to
be independent of the concentration of bromate and
bromomalonic acid.

In a spatially extended excitable medium, the struc-
ture with the highest frequency is dominant; hence no
spiral can form at a frequency lower than the homoge-
neous frequencyfH of the medium. At a sufficiently
high static forcing intensity, the spiral frequency is
reduced to that of the homogeneous oscillation fre-
quency. This explains the observed limiting value
of fS, which is key to understanding the effect of
inhibition on the tongue-shaped resonant regimes,
as discussed in the following section. The effect of
static, time-independent forcing is shown inFig. 4
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for three different sets of chemical concentrations in
reservoir I. Increasing the light intensity can be seen
to inhibit the reaction in the same way as increasing
ι ≡ [BrMA] /[BrO−

3 ]. For all three chemical con-
centrations, as the light intensity increases, the spiral
frequency decreases until it reaches the homogeneous
oscillation frequency, 0.02 Hz.

4. Shape of the 2:1 resonance tongue

The Arnol’d type tongue structures in the control
parameter space of forcing intensityγ 2 and frequency
fF are shown inFig. 5 for both the weakly and
strongly inhibited chemical kinetics. Points inside the
tongues are classified as 2:1 locked with the forcing
(as described inSection 2), while points outside the
tongues are either not locked or are locked at another
resonance. Patterns at the bottom of both tongues
have traveling fronts, like the rotating spirals shown
in Fig. 2, which propagate one full spiral wavelength
for every two forcing cycles. At high intensity forcing
(γ 2 > 300 W/m2), the patterns have stationary fronts
separating two locked phase domains which oscillate
once during every two forcing cycles. The transition
from spiral patterns to standing patterns with increas-
ing forcing intensity was described in our previous
study[20]. In neither the strongly nor weakly inhibited
systems do we observe complete inhibition of natural
oscillations (even at maximum forcing) as has been
observed in forced Raleigh–Benard convection[25].

For the weakly inhibited kinetics, the tongue bends
to higher frequencies with decreasing forcing, as
Fig. 5(a) illustrates, while for the strongly inhibited
kinetics the tongue does not bend as much with de-
creasing forcing, asFig. 5(b) illustrates. The reason
for the difference in the shapes of the tongues for
the strongly and weakly inhibited systems can be
understood from our measurements of the effect of
time-independent forcing (Fig. 4). With static forcing,
the spiral frequencyfS approaches the homogeneous
frequencyfH as the forcing intensity is increased (see
Fig. 4). As the forcing intensity increases, the level
of inhibitor rises, increasing the refractory period and
thus decreasing maximum spiral frequency that is sus-

Fig. 5. 2:1 resonant tongues in the forcing frequency–intensity
parameter space for (a) weakly inhibited and (b) strongly in-
hibited kinetics of the BZ system. The reactor was forced us-
ing square pulses of light of intensityγ 2 and frequencyfF.
Points within the solid curves represent patterns that oscillate at
one-half the forcing frequency, while the open circles outside the
solid curves correspond to non-2:1 resonant patterns: (�) trav-
eling front patterns; (�) standing wave patterns with station-
ary fronts; (�) hybrid patterns with both traveling and stand-
ing behavior (see[20]). The arrow on the frequency axes la-
beled 2fH is twice the homogeneous oscillation frequency; 2fS is
twice the unforced spiral frequency. Chemical concentrations: (a)
[BrO−

3 ] = 0.230 M, [BrMA] = 0.220 M, ι = 0.96,fH = 0.019 Hz,
and fS = 0.072 Hz. (b) [BrO−

3 ] = 0.136 M, [BrMA] = 0.300 M,
ι = 2.22, fH = 0.019 Hz, andfS = 0.022 Hz. The other chemical
conditions are given in the caption ofFig. 1.
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tained by the medium. Above a static forcing intensity
of approximately 300 W/m2, fS ≈ fH, and increasing
γ 2 above this value has no further effect onfS.

Now consider the periodically forced system. For
γ 2 > 300 W/m2, fS ≈ fH; hence the tongues are
approximately vertical for high forcing intensity. But
for the weakly inhibited system withγ 2 < 300 W/m2,
the increase in spiral frequency with decreasing forc-
ing intensity leads to a bending of the tongue to
higher frequencies, asFig. 5(a) illustrates. In contrast,
in the strongly inhibited system the spiral frequency
does not change much with decreasing forcing inten-
sity; hence the tongue does not bend significantly to
higher frequencies for the strongly inhibited system
(Fig. 5(b)).

5. 2:1 resonance in the FN model

The experiments we have described indicate that pe-
riodic inhibition of the oscillatory chemical medium
increases the refractory period which dictates the res-
onant tongue shape in theγ 2–fF parameter space. We
have found similar behavior in a periodically forced

Fig. 6. Nullclinesv1(u), when ∂u/∂t = 0, and v2(u), ∂v/∂t = 0, of the spatially homogeneous FN model at three different forcing
amplitudesb: 0, bHopf and 2bHopf. The intersection of the nullclines is the fixed point of the system. The intersection of the solid nullclines
at the minimum forcing value (b = 0) is an unstable fixed point with limit cycle behavior. The dashed-dotted nullclines (b = bHopf) is at the
Hopf-bifurcation point, while intersection of the dotted nullclines (b = 2bHopf) is a stable fixed point. Parameter values are given in the text.

reaction–diffusion model with FN kinetics[26–28],

∂u

∂t
= u − u3 −

[
v − b

2
(1 + cos(2π ft))

]
+ δ1∇2u,

∂v

∂t
= ε

{
u − a1

[
v + b

2
(1 + cos(2π ft))

]
− a0

}

+ δ2∇2v, (1)

whereu andv are the dynamical field variables. The
forcing has been chosen to have opposite signs for the
variablesu and v. In our numerical simulations, we
vary the forcing strengthb and forcing frequencyf ,
while the other parameters are held fixed:a0 = 0.1,
a1 = 0.5, ε = 0.05, δ1 = 0.333, andδ2 = 0.067.

To understand the effect of forcing on the dynam-
ics of the model, consider first the spatially homo-
geneous case whereδ1 = δ2 = 0. The nullclines
v1(u) andv2(u) in Fig. 6 are then obtained by solv-
ing ∂u/∂t = 0 and∂v/∂t = 0, respectively. The in-
tersection of the two nullclines, the solution where
the rate of change of bothu and v is zero, is the
fixed point (steady-state) of the system. Only one fixed
point is possible when 0< a1 ≤ 1. The stability of
the fixed point depends on the relative position of the
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nullclines, which changes as a function of the periodic
forcing.

For our choice of model parameters, the steady-state
behavior of the unforced system (intersection of solid
lines) is an unstable focus with limit cycle behavior.
With the forcing amplitude 0< b ≤ bHopf(0.278), the
fixed point is always an unstable focus with limit cy-
cle behavior. Forcing the system with amplitudesb >

bHopf periodically shifts the nullclines such that the un-
stable focus becomes a stable fixed point (intersection
of dotted lines) after traveling through a Hopf bifurca-
tion (intersection of dashed-dotted lines), as shown in
Fig. 6. The choice ofε � 1 ensures that the dynamics
become excitable as soon as the steady-state becomes
stable. This corresponds to the inhibited state of the
experiment. In this way, the forced FN system models
the periodic inhibition of the BZ system periodically
forced with light.

We chose a value of the ratio of the diffusion coef-
ficientsδ1/δ2 so that spiral patterns in the simulations
were similar to the unforced spiral patterns observed
in the BZ experiment.Eq. (1) was evaluated on a
256×256 grid with a 150×150 dimensionless domain

Fig. 7. The 2:1 Arnol’d type tongue for the FN reaction–diffusion model as a function of forcing strengthb and forcing frequencyf
(parameter values:a0 = 0.1, a1 = 0.5, ε = 0.05, δ1 = 0.333, andδ2 = 0.067). Points within the solid curves represent patterns that
oscillate at one-half the forcing frequency, while the open circles outside the solid curves correspond to non-2:1 resonant patterns: (�)
are rotating spirals, (�) are two-phase patterns with standing fronts, and (�) are patterns with both standing and traveling behavior[20].
The natural frequency of the spatially homogeneous system isfH = 0.0198, and the frequency of the unforced spiral isfS = 0.0234. The
dashed line identifies the forcing amplitude at which the system reaches the Hopf bifurcation (bHopf = 0.278).

size and reflective boundary conditions. We used a 5th
order Runge–Kutta integration method for the reaction
terms and a Crank–Nicholson scheme for the spatial
diffusion. A spiral pattern was the initial condition.

The 2:1 resonant tongue forEq. (1) is shown in
Fig. 7 for a particular set of model parameters. Fre-
quency locking behavior was determined from power
spectra of time series of grid points in the images, just
as in the analysis of the experiments. As observed in
the experiments, standing front patterns form in the
top portion of the tongue (forb > bHopf), and travel-
ing spiral patterns were found in the bottom portion
of the tongue (forb < bHopf). At forcing strengths
nearbHopf on the high frequency side of the tongue,
we observed patterns with mixed traveling and stand-
ing behavior, similar to those observed in the weakly
inhibited tongue inFig. 5(a).

Arrows labeled 2fH and 2fS in Fig. 7point to twice
the homogeneous frequency and twice the spiral fre-
quency of the system. The FN tongue is locked around
2fH at high forcing strength and bends toward 2fS as
the forcing strength is decreased, which is the same
trend that we observed in the experimental tongues.
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In both the experimental and FN systems, the shape
of a resonant tongue is determined by the difference
betweenfS andfH. In the experimental system, we
modify the tongue shape by changing inhibitor feed
concentration, which altersfS while fH remains con-
stant. We varied parameter values in the FN model
with no success in changingfS relative to fH, but
our search in parameter space was limited by the long
computational times required for each parameter set.
For the parameter values examined, we were not able
to obtain an FN tongue as sharply bent as the experi-
mentally observed tongue inFig. 5(a).

6. Conclusions

Our study of resonance in oscillatory reaction–
diffusion media has revealed a connection between
inhibition and the shape of the 2:1 resonant tongue.
As the strength of inhibitory forcing of the spatially
extended BZ reaction is increased, the refractory pe-
riod of the chemical medium lengthens. A longer
refractory period corresponds to a lower oscillation
frequency of the system. As a result, the 2:1 resonant
tongues from the experiment bend from the higher
unforced spiral frequency toward the lower homoge-
neous oscillation frequency of the system as the forc-
ing intensity is increased. Periodic forcing of the FN
model also results in increasing refractory period with
increasing forcing intensity. Further, strong forcing
of the FN system inhibits front propagation, yielding
stationary patterns, as observed in the experiment.
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