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Physics 53 
 

Kinematics 3  
 

Our nature consists in movement; absolute rest is death. 
Ñ Pascal 

 
 

Constant Velocity or Constant Acceleration  
 
In one dimension the formula for position of a particle moving at constant velocity was 
found earlier to be   x = x0 + vt , where   x0  is the position at   t = 0. 

Generalizing this to two or three dimensions is easy: replace the position and velocity 
by the corresponding vectors: 

Constant Velocity (General)    r = r0 + vt  

 
This vector equation is, as always, three component equations: 

 

    

 

x = x0 + vxt

y = y0 + vyt

z = z0 + vzt

 

The two vectors   r0 and v lie in a particular plane. If we choose that to be the x-y plane, 

then the z components of all the vectors in the vector equation will be zero, and we can 
ignore the third component equation altogether. This is an example of how choosing the 
coordinate system can often simplify the calculations. 

Applying the same procedure to the formulas for constant a cceleration, we obtain: 

Constant Acceleration 
(General) 

      

 

v = v0 +at ,

r = r0 +v0t + 1
2 at2 

 
The third formula we found in one dimension, relating speed directly to position, involves the scalar 
product of two vectors, to be discussed later. 

 

Gravity Near Earth's Sur face 
 
Later we will discuss gravity in general. Here we deal only with an approximation 
useful for objects near the earthÕs surface. ÒNearÓ means that the objectÕs height above 
the surface is very small compared to the earthÕs radius. 
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As everyone knows, an object dropped from above the earthÕs surface falls down; that 
is, it experiences an acceleration directed toward the surface. Galileo discovered by 
experiment the remarkable fact that, if air resistance is neglected, this downward 
acceleration is constant and is the same for all objects. 

That it is the same for all objects dropped from the same place remains true even if the approximation of 
ÒnearÓ the surface is not valid. But it is no longer the same at all heights, as we will see later. 

We call this the acceleration of gravity  and give it the special symbol g. It is directed 
downward (toward the center of the earth). Its magnitude varies slightly from place to 
place on the earth, but a useful value is 9.80 m/s2.  

In making rough calculations, and on exams in this course, one can use g = 10 m/s 2. 

The motion of an object subject only to gravity is an important special case of constant 
acceleration. The equations for the position and velocity are those we found earlier; we 
merely set  a = g :  

 

   

r = r0 + v0t + 1
2
gt2

v = v0 + gt
 

We will usually choose the coordinate system shown, where 
the earth's surface is the x-z plane. With this choice of axes g 
is in the negative y-direction, so its only non -zero component 
is 

 
gy = ! g . 

We can also locate the origin and orient the axes so that the initial position and velocity 
vectors of the particle both lie in the x-y plane. Then the z-components of all of the 
vectors in the above equations will be zero, and the equations for those components can 
be ignored. The motion will take place entirely in the x-y plane. 

With these choices of the coordinate system, the equations for the x and y components 
of position and velocity are these: 

Gravity Near EarthÕs Surface 

  

x = x0 + v0x
t

y = y0 + v0y
t ! 1

2
gt2

vx = v0x

vy = v0y
! gt

 

 
These four equations will describe the motion of any object, subject only to gravity, 
moving near the earth's surface. 

 

Motion of Projectiles  
 
An important case of this motion is that of objects thrown or shot into the air, i.e., 
projectiles. We neglect effects of air resistance, so only gravity influences the motion. 

x 

y 

g 

z Surface 
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The initial situation is usually described by giving the initial speed v and the elevation 
angle !  of the initial velocity above the earth surface, as shown: 

In terms of these, the initial velocity components are 

    

 

v0x
= v0 cos! ,  v0y

= v0 sin! . 

The equations describing the motion then become: 

Motion of a Projectile Near 
EarthÕs Surface 

    

 

x = x0 + v0 cos! "t

y = y0 + v0 sin! "t # 1
2

gt2

vx = v0 cos!

vy = v0 sin! # gt

 

 
These equations apply to numerous cases. 

The equation for the trajectory of the projecti le can be obtained by eliminating t between 
the equations for x and y. If the projectile starts from the origin (i.e., 

  x0
= y

0
= 0 ) the 

result is 

    

 

y = x tan! "
gx2

2(v0 cos! )2
. 

This equation describes a parabola in the x-y plane. An example is shown.  

The total distance traveled horizontally before returning to the initial height is the range, 
denoted by R. It is found by setting y = 0 in the trajectory equation above and solving 
for the non-zero value of x. The result is  

    

 

R =
v0

2 sin 2!
g

. 

x 

y 

!  
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v0

x

y

ymax

Range



PHY 53 4 Kinematics 3 

One sees from this formula that for given   v0  the range is largest if  ! = 45¡ , and that the 

range is the same for any two angles whose sum is 90¡. 

The maximum height reached is found by setting   dy/ dx = 0  and solving for y. One 

finds  

    

 

ymax =
(v0 sin! )2

2g
. 

 

Motion in a Circle  
 
Cases in which a particleÕs trajectory is a circle occur frequently, especially in the 
description of objects rotating about some axis. 

Motion for which the acceleration is zero, or for which it is along the same line as the 
velocity, is motion in a straight line.  It follows that:  

If a particle moves in a curved path it must have a component of acceleration 
perpendicular to the velocity .  

This perpendicular component of acceleration does not change the speed, but it does 
change the direction of the velocity. There might also be a component of acceleration 
along the line of the velocity which changes the speed. 

If the path followed is a circle, these acceleration components are relatively simple. The 
change of direction is brought about by the radial acceleration , directed radially toward 
the center of the circle. If the speed changes, there is also an acceleration tangent to the 
circle, called the tangential acceleration . We will analyze this case in detail. 

We consider a particle moving in a circle of radius R about the origin in the x-y plane, as 

shown. The equation of the circle is   x
2 + y2 = R2 . Since R is 

constant, the particleÕs position at any time can specified entirely 
by giving the value of the angle !  at that time. 

The position vector of the particle is given by  

      

 

r = ix + jy = iRcos! + jRsin! . 

This can conveniently be written in terms of a unit vector   ör  
parallel to r (i.e., radially outward from the origin to the particle ). We write  

   r = Rör , where   ör = i cos! + j sin! . 

Use of the caret or ÒhatÓ to denote a unit vector is standard notation.  

As the particle moves the angle !  changes, making   ̂r  a function of time.  

To get the velocity we take the time derivative of r. Since R is constant: 

   
v =

dr
dt

= R
dör
dt

= R i
d
dt

cos! + j
d
dt

sin!
"

#
$

%

&
' = R

d!
dt

[( i sin! + j cos! ] . 

x 

y 

!  
R 
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The quantity in [ ] in the last term is another unit vector, with direction tangent to  the 
circle in the counter-clockwise sense (the direction of increasing ! ). We give it a symbol: 

  
ö! = " i sin! + j cos! . 

The time derivative   d! / dt  is called the angular velocity , denoted by " : 

Angular Velocity  
  

 

! =
d"
dt

 

 
We have derived an important formula for the velocity vector:  

Velocity in Circular Motion     v = ! Rö"  

 
If the angular velocity "  is positive (!  is increasing) the velocity v is tangent to the circle 
going counter-clockwise. If "  is negative, the velocity is the other way (clockwise). 

Later we will see that it is useful to treat the angular velocity as a vector perpendicular to the plane of the 
motion. Here the sign of "  is all we need to specify the sense of the rotation.  

The linear speed is related to the angular speed by a very useful relation: 

Speed in Circular Motion   
v = R !  

 
To get the particleÕs acceleration we take the time derivative of v. The unit vector  ö!  also 
varies with time.  If the angular velocity "  varies with time (making the speed change) 
the acceleration will consist of the two terms referred to above Ñ  the radial and 
tangential accelerations. 

We define the angular acceleration as the time derivative of the angular velocity:  

Angular Acceleration  
  

 

! =
d"
dt

 

 
Then working out    a = dv / dt  we find  

Radial and Tangential 
Acceleration 

   

a = ar + at  where 
ar = ! " 2Rör

at = # Rö$

%
&
'

('
 

 
We will look in more detail at these two types of acceleration and their effects.  
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Radial Acceleration. (   ar = ! " 2Rör ) The negative sign in the formula shows that the   ar  is 

opposite to   ör , so it is always toward the center of the circle. Its effect is only to change the 
direction of the velocity as the particle moves around the circle; it does not change the 
speed. Its magnitude can be written in two equivalent forms:  

Radial Acceleration Magnitude  
  ar = ! 2R = v2 / R  

 

(The second form follows from 
 
v = R ! .) 

Because the radial acceleration is always toward the center, it is often denoted by the archaic term 
ÒcentripetalÓ (center-seeking) acceleration. This confusing term will not be used here. 

Tangential Acceleration. (   at
= ! Rö" ) This acceleration changes only the speed. It is parallel 

to the velocity if the speed is increasing. Its magnitude can be written in two forms:  

Tangential Acceleration 
Magnitude  

 
at = R ! =

dv
dt

 

 

The derivative in the last term is the rate of change of the speed, not of the velocity.  

If the motion is one at constant speed, it is called uniform circular motion . In that case 
the speed and the angular velocity are constant, and the tangential acceleration is zero. 
But there is always a radial acceleration which changes the direction of the velocity. 

Because motion in a circle requires an acceleration, it does not happen without some external influence to 
produce that acceleration. In that sense is it not a ÒnaturalÓ spontaneous motion, which people thought it 
was until the 17th century. They were misled by the apparent motion of the celestial bodies going around 
the earth once a day. But that motion is an illusion caused by the rotation of the earth, we now know.  


